Tampere University of Technology

Author(s)

Skournetou, Danai; Lohan, Elena-Simona

Title

Ionosphere-corrected range estimation in dual-frequency GNSS receivers

Citation

Skournetou, Danai; Lohan, Elena-Simona 2011. Ionosphere-corrected range estimation in
dual-frequency GNSS receivers. IET Radar, Sonar and Navigation vol. 5, num. 3, 215-224.

Year

2011

DOI

http://dx.doi.org/10.1049/iet-rsn.2010.0037

Version

Post-print

URN

http://URN.fi/URN:NBN:fi:tty-201406261324

Copyright

This paper is a postprint of a paper submitted to and accepted for publication in IET Radar,
Sonar and Navigation and is subject to Institution of Engineering and Technology
Copyright. The copy of record is available at IET Digital Library.

All material supplied via TUT DPub is protected by copyright and other intellectual property rights, and duplication
or sale of all or part of any of the repository collections is not permitted, except that material may be duplicated by
you for your research use or educational purposes in electronic or print form. You must obtain permission for any
other use. Electronic or print copies may not be offered, whether for sale or otherwise to anyone who is not an
authorized user.

Ionosphere-Corrected Range Estimation in
Dual Frequency GNSS Receivers
Danai Skournetou and Elena-Simona Lohan
Department of Communications Engineering
Tampere University of Technology
Tampere, Finland, 33720.
E-mail: see http://www.cs.tut.fi/tlt/pos/

Abstract
In Global Navigation Satellite Systems (GNSSs), the measurement of
the satellite-receiver pseudorange requires the estimation of signal’s total
delay. Because the accuracy of the latter aﬀects significantly the accuracy
of the final position, it is essential to consider the eﬀect of various error
sources. Ionosphere is commonly regarded as one of the most influential
sources due to the fact that it can significantly delay the signal; therefore, it
is of paramount importance to mitigate its eﬀects.
In single-frequency GNSS receivers, the ionospheric delay is typically
found with the use of mathematical models. Because their accuracy is usu-
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ally determined by their complexity, mass-market receivers employ relatively computationally simple models at the expense of limited accuracy.
On the other hand, in dual-frequency receivers, we can virtually eliminate
the ionospheric eﬀects if higher order eﬀects are ignored [1, 2]. While such
an advantage has been widely recognised in the literature, the eﬀect of the
tracking error in the ionospheric correction and inherently on the range estimation is yet to be studied.
In this paper, we investigate the eﬀect of tracking error on the ionospherecorrected range in dual-frequency receivers. We statistically analyse the performance of Least Square (LS) method and we compare it with the simulationbased. Moreover, we compare the performance of the traditional approach
with LS and Constrained LS methods, as well as with a new method for
range estimation, proposed by the authors. The results showed that the traditional and LS methods perform well only under the restriction of zero
tracking error, while our method has the best average performance.

1

Introduction

In Global Navigation Satellite Systems (GNSSs), the accuracy of the computed
user position is a quality measure of paramount importance. In order to locate
a user, the distance between its GNSS receiver and at least four satellites (also
known as geometric range) needs to be estimated. In an inherent manner, the accuracy of the user’s position depends on the accuracy of each range measurement.
Ideally (i.e., in absence of errors), the unknown geometric range can be calcu2

lated with the knowledge of the signal’s propagation time. For this purpose the
receiver has to acquire the signal’s transmission and reception times; the former
is included in the transmitted navigation message and the latter (reception time)
is found with the help of the receiver’s internal clock. However, in realistic scenarios the presence of errors (both channel- and receiver-specific) ”distorts” the
propagation time, the measurement of which results in what is commonly denoted
as pseudorange (as opposed to the true geometric range).
Among the various error sources, ionosphere accounts for the biggest part of
signal’s total delay [1], therefore, it is essential to alleviate its eﬀects. Typically, it
is considered to start at 50 km from the earth surface and to end at 1000 km. Unlike
the lower layers of atmosphere (e.g. troposphere, stratosphere, etc.), ionosphere
contains charged particles (electrons and ions), the content of which depends on
various spatial and temporal parameters (e.g. altitude, season, time of the day,
etc.), as well as on the occurrence of natural phenomena (e.g. electromagnetic
storms and travelling ionospheric disturbances). The presence of the charged particles makes ionosphere a dispersive medium, thus, signals transmitted at diﬀerent
carrier frequencies have diﬀerent phase advances and time delays.
When the signal propagates through ionosphere, its velocity changes due to
the interaction with particles present in it. As a result, the signal’s code is delayed
and its phase is advanced. In particular, the signal is delayed almost by as much
as the carrier phase is advanced, thus, it is suﬃcient to estimate one of the two
parameters (if higher order and bending eﬀects are ignored, then the values of
code delay and carrier phase advance are exactly the same [3]). The interested
3

reader may refer to [1–4] for a detailed description of the ionospheric eﬀects.
In order to mitigate the refraction eﬀects, the knowledge of the involved refractive indices and signal’s frequency is required. However, because ionosphere
is an heterogeneous medium, meaning that the density of the ionised particles
within it is not uniform (from now on we will consider only electrons since ions
are much heavier [2]), its refractive index is defined by the electron density. Appleton and Lassen have derived a complex formula for computing the ionospheric
refractive index [5], with which the ionospheric delay can be defined as the sum
of first, second, third order and bending eﬀects [3]. These eﬀects are a function of
the Total Electron Content (TEC), which is a space-time varying parameter to be
estimated. It can be shown that for E1 signal, the second and third order eﬀects
contribute to the total ionospheric delay by a sub-metre and centimetre level, respectively (we remark, that the contribution of these two eﬀects is similar for the
rest of GNSS signals). Therefore, when mass-market receivers are considered, it
suﬃces to consider only the first-order eﬀect which accounts for almost 99% of
the total delay [3]. For this reason, we ignore higher order terms in our model and
whenever ionospheric eﬀects are mentioned, they shall be associated only with
first-order ones.
Most of the methods for ionospheric delay estimation have been proposed for
single-frequency receivers since this is the dominant design when mass-market
production is regarded. However, the performance of a single-frequency method
can be useful also for receivers which operate at more than one frequency. For
example, if signals from other frequencies are lost and the time needed to re4

acquire/re-track a lost signal is more than what can be aﬀorded, the single-frequency
method could be employed as backup option [6–9].
As mentioned earlier, the ionospheric delay depends on two parameters: the
total electron density and the carrier frequency. While the latter is a known constant, the former needs to be estimated in order to further estimate the ionospheric
delay. In single-frequency receivers, TEC is found with the help of an appropriately chosen model which shows the ionosphere status (i.e. TEC levels) for
diﬀerent locations and at diﬀerent time periods. Moreover, such models are also
responsible for making the necessary corrections for the ionospheric delay to a
good degree of accuracy [10].
Unlike single-frequency receivers, no modelling of the ionosphere is needed
when more than one carrier frequencies are available. For example, a dual-frequency
receiver measures the pseudorange for each of the two received signals, both of
which are contaminated by the same ionospheric eﬀect. In theory (i.e., error-free
scenario), proper combination of the available measurements allows the receiver
to completely remove the ionospheric delay caused by first order eﬀects [11]
and this is one of the main advantages of dual-frequency receivers over singlefrequency ones.
While the deployment of two frequencies is enough to compensate first-order
ionoshperic eﬀects, the choice of the two frequencies is of paramount important
when considering the accuracy of the estimated range. Navstar Global Positioning
System (GPS) -based dual frequency receivers utilise the L1 and L2 frequencies
since these are the two signals currently transmitted form GPS satellites; how5

ever, with the advent of the new modernised signals the designers will have the
flexibility to choose a better combination. Considering the future Galileo system,
the research on dual-frequency receivers is in its infancy. In [12], a Galileo receiver which uses E1-E5a combination is tested but there is no explanation on
the choice of the frequencies. An interesting study on the optimal frequency pair
for future Galileo mass market receivers can be found in [13]. According to the
study, the E1-E5 combination is much more diﬃcult to implement than E1-E5a
and E1-E5b combinations. The E1-E5a and E1-E5b pairs are shown to have similar performance in terms of acquisition, tracking and interference level. However,
the use of the former is advised because it has the advantage of overlapping with
the existing L1 and L5 bands, thus facilitating the design of a joint GPS/Galileo
receiver [13].
As mentioned earlier, theoretically it can be shown that a dual-frequency receiver can successfully mitigate the ionospheric eﬀects and thus, determine the
user’s position more accurately, in reality, this is valid only under certain constraints. More precisely, the authors’ research led to the observation that a dualfrequency receiver is able to remove the ionospheric delay only when the pseudorange measurement errors are minimal, i.e., below a certain threshold. Such
observation acted as the motivation for this manuscript, the targets of which can
be summarised as follows: first, we show what is the impact of the measurement
error on the accuracy of the range estimation in the presence of ionospheric errors. Secondly, we implement two alternative methods for estimating the receiversatellite range, namely linear Least Square (LS) and Constrained linear Least
6

Square (CLS). Thirdly, we introduce a new method for improving the range estimation in dual-frequency receivers, called Brute Force Constraint (BFC) and compare the performance of these three methods with the traditional one. Finally, we
present simulation results which suggest the best frequency combination among
dual-frequency Galileo receivers.
The remainder of this manuscript is organised as follows: Section 2.1 describes the traditional approach for estimating the pseudorange, provides a statistical analysis of the LS solution and includes a performance comparison between
the traditional and LS methods. Section 3 presents two new enhanced methods for
pseudorange estimation. Section 4 includes the results of our research and their
interpretation. Finally, Section 6 concludes the most important findings of this
work.

2

Theoretical Background

In code-based GNSS receivers, we can model the measured pseudorange in units
of length as [8, 14]
ρi = ρ + E + Ii + εi

(1)

where ρ is the true satellite-receiver range, E encompasses all the error sources
which are common to all received signals (e.g. clock bias, tropospheric delay)
and Ii is the ionospheric delay corresponding to the signal transmitted in fi carrier
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frequency. More precisely, the first-order ionospheric delay is modelled as [3]
Ii =

40.3
T EC
fi2

(2)

where TEC is the total electron content measured in TEC Units (TECUs) with 1
TECU=1016 electrons/m2 . The measurement error, εi , is a residue of the processing done in the code tracking stage and is equal to ρi −ρ or equivalently to c(τ̂i −τ),
where c is the speed of light, τ̂i and τ are the estimated and the true code delay,
respectively, both given in units of time. We notice that the code tracking error
is diﬀerent for diﬀerent signals because it depends on signal-specific characteristics such as type (i.e. data or pilot), modulation, frequency, etc. and it represents
mostly the eﬀects of noise and multipath propagation.

2.1

Traditional Approach

In order to reduce the complexity of the range estimation problem, we ignore the
common error sources (such as errors due to nonsynchronism of the satellite and
receiver clocks, ephemerides and the tropospheric refraction) since their eﬀects
contaminate both frequencies in the same way and do not aﬀect the validity of
the results [15, 16]. In what follows, we assume that the range measurements
are contaminated only by errors caused due to noise, ionospheric and multipath
eﬀects.
Starting from Eq. (1), we can form the following system of linear equations
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for a dual-frequency receiver (i.e. i = 1, 2)




ρ1 = ρ +










 ρ2 = ρ +

40.3
T EC + ε1
f12
40.3
T EC + ε2
f22

(3)

In the traditional approach, we linearly combine the available pseudorange measurements in order to estimate the two unknown parameters. Here, the parameter
of interest is the satellite-receiver range which can be computed as
f12
f22
ρ̂ = 2
ρ1 − 2
ρ2
f1 − f22
f1 − f22

(4)

In the ideal case, i.e. when εi = 0 for i = 1, 2, we can completely remove the
ionosheric eﬀect and thus, calculate the true range successfully. Although the
linear combining provides us with ionosphere-free measurements, it also has the
side-eﬀect of increasing the noise [1]. Assuming that the pseudorange measurements are uncorrelated ( [2]), we can calculate the noise variance of the range
measurement which has undergone Ionospheric Correction (IC) as
σ2ρIC =

f22
f12
2
σ
+
σ2
2
2 ρ1
2
2 ρ2
f1 − f2
f1 − f2

(5)

For example, if we assume that σ2ρ1 = σ2ρ2 = 1, the noise variance of the ionospherefree range is 6.7 times higher for E1-E5a frequency combination. Using Eq. (5), it
can be shown that in Galileo system the bigger the frequency separation (| f1 − f2 |)
is, the smaller the noise variance of the ionosphere-free range is. Considering the
9

future Galileo signals (E1, E5, E5a and E5b), it can be also shown, that the E1E5a frequency combination is the best in terms of noise variance (see Table 1 for
the numerical values of the frequency separation for all combinations). We notice
that because the E5-E5a frequency combination is the worst and thus not a likely
option, it will not be included in the following simulation results.

2.2

Least Square Method

With the help of vector notations, we can write the system given in (3) in a compact form as
 

ρ 
1
 1 

  = 
 

1
ρ2



  
ρ  ε1 
 +  
 
 T EC  ε 
40.3 
2
f2
40.3 
 
f12 
 
2

r = Ax + e

(6)

where r is the observation vector that contains the pseudorange measurements, A
is a 2 × 2 matrix, x is the unknown parameter vector to be estimated and e is the
measurement error vector.
One of the most popular methods of solving a system of linear equations is
the one that tries to minimise the squared diﬀerence between the observed data
and Ax, known as ordinary linear Least Square (LS) method. In particular, the LS
solution is
x̂LS = (AT A)−1 AT r

(7)

where T denotes the operation of transposition. Now, our target is to analyse the
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LS performance by statistically characterising the estimation residual. For this
purpose, we derive the variance-covariance matrix of the LS solution (denoted as
Σx̂LS ). By definition, we have
[
]
Σx̂LS B E (x̂LS − xLS )(x̂LS − xLS )T

(8)

where E[•] denotes the expectation operation. For computing the diﬀerence, x̂LS −
xLS , we substitute Eq. (6) into Eq. (7) and we get
x̂LS = (AT A)−1 AT (Ax + e)
= (AT A)−1 AT Ax + (AT A)−1 AT e
= x + (AT A)−1 AT e

(9)

In order to calculate the variance-covariance matrix, we substitute Eq. (9) into Eq.
(8) and after some mathematical manipulations we get
Σx̂LS = BSBT

(10)

where B = (AT A)−1 AT and S is a 2 × 2 matrix defined as
[ ]
S = E eeT


 σ2 + µ2 E [ε , ε ]
1 2 
 1
1

= 


E [ε2 , ε1 ] σ22 + µ22 
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(11)

where σ2i and µi are the measurement error variance and mean, respectively, for
the signal transmitted in fi for i = 1, 2. The non-diagonal terms of S are both equal
to λ(σ1 + µ1 )(σ2 + µ2 ), where λ is the correlation factor.
In Fig. 1, we see the variances of the range error for LS method in the case of
uncorrelated pseudorange measurements (i.e., E [ε1 , ε2 ] = E [ε2 , ε1 ] = 0). More
precisely, we notice that the simulation-based curve (represented by a solid line)
matches well with the theory-based one (represented by a filled circle) for all
frequency combinations. The theory-based variance is found from the variancecovariance matrix as Σx̂LS (1, 1). For the simulation-based, we have used the simulation profile described in Section 4.1, where we used zero mean measurement
errors (µi = 0 for i = 1, 2).
Fig. 2 shows how the theoretical variance of the range error varies for diﬀerent correlation factors when the pseudorange measurement errors have zero mean
and five diﬀerent values of standard deviation (we notice that only this figure is
plotted using logarithmic scale for the sake of good visibility). The curve for the
case of σ = 0 is not visible because the resulting variance of estimation error
is zero (regardless the value of the correlation factor). For σ , 0 and when the
correlation factor is −1 (i.e., perfect negative correlation), we have the highest error variance, while for increasing correlation factor, the variance decreases. For
example, in the case of σ = 0.01 the variance for correlation factors −1 and 1 is
about 49 and 39 meters, respectively. However, the variance diﬀerence between
smallest and highest correlation factor increases with increasing error variance. In
other words, when the measurements are correlated in the negative direction, the
12

impact of error is smaller than when they are correlated in the positive direction.
In order to interpret this behaviour, we need to understand the physical meaning
of the correlation factor. Negative correlation means that when one error variable
increases the other one decreases. If for example we assume that the second measurement is subtracted from the first one (recall that in the case of zero mean error,
LS method is mathematically equivalent to the traditional one) and that when ε1
increases, ε2 decreases, the diﬀerence ε1 − ε2 increases. If however, we have positive correlation (i.e., when ε1 increases, ε2 increases as well), the error diﬀerence
decreases (due to partial error cancelling) and thus, the variance of the estimation
error becomes smaller.

3

Enhanced Methods

The main disadvantage of both traditional and LS methods is that their solution
is unrestricted. Consequently, the estimate of the unknown vector x may violate
certain physical limitations, associated with the unknown parameters.

3.1

Constrained Least Square

One way to avoid the aforementioned problem is to impose certain constraints
in the solution of the ordinary LS, leading to what is commonly known as Constrained Least Square method (CLS). More precisely, the idea is to minimise the
squared diﬀerence between the observed data and Ax, subject to the linear inequality constraint Ax̂CLS ≥ b. CLS is expected to provide a more accurate solu13

tion than LS at the expense of increased computational burden.
In our model, we have set b = [0 0] which means that both range and TEC
estimates are forced to be non-negative. Concerning the constraint on range, the
zero value represents model-specific theoretical minimum (see Sec. 4.1 for a detailed model description). Simulation results show that this minimum value was
not attained (see right middle plot of Fig. 4), thus, the zero value is a rather relaxed
constraint. If any range-specific auxiliary information is available at the receiver,
then the lower bound of range can be adjusted accordingly. The zero value for
TEC constraint represents a physical theoretical minimum bound (i.e., not modelspecific). While this minimum bound would occur in vacuum, low TEC values
are possible to occur in certain time/space dependent conditions. We notice that
we have tested other constraint vectors as well but they did not provide any better results than the ones produced with the non-negative constraint (the empirical
results are omitted for the sake of clarity).

3.2

Brute Force Constraint

In order to reduce the computational complexity of CLS method and retain the
advantage of increased accuracy via constrained solution, we have designed a
simple method for estimating the range and the TEC parameters, called Brute
Force Constraint (BFC). The pseudocode of the method is given below:
Calculate the mean of the pseudorange measurements as
2
∑
ρi , where M[·] denotes the arithmetic average
ρ̂ = M[ρ1 ρ2 ] = 12
i=1

14

while (true)
OK = 1
for k = 1 till 2
Estimate TEC as T[
EC k =

fk2
40.3 (ρk

− ρ̂)

if T[
EC k ≤ 0
Re-estimate range as ρ̂ = 2ρk − ρ̂
OK = 0
break
end
end
if OK == 1
break
end
end
T[
EC = M[T[
EC 1 T[
EC 2 ]

In the first step of the algorithm, we make an estimate of the true range by
calculating the average of the two available pseudorange measurements. In this
step, it is assumed that no a-priori information is available on the quality of the
measurements, thus both are equally treated (if any auxiliary information exists,
we could weight the measurements according to their credibility). Then, we apply
an iterative procedure which terminates if and only if both estimated TEC measurements are physically valid (i.e., positive). More precisely, for each received

15

signal we estimate its TEC using the averaged pseudorange measurement. If the
estimated value of TEC is less or equal to zero then we re-estimate the range in
such a way, that we force the re-estimated TEC value to be positive (this is the
step from which our algorithm is named). Notice that estimated TEC is negative
if ρk < ρ̂ thus, when redefining ρ̂ we have to ensure that the resulting TEC estimate will not be negative. This is achieved by setting ρ̂ = 2ρk − ρ̂. As soon as
both estimated TEC values are valid, the algorithm returns the estimated parameters. From the description above, it becomes evident that BFC requires at most
two iterations (one for each frequency) in order to converge to a physically valid
solution and this is what makes it computationally light.

4

Simulation results

The target of this section is two-fold. First, we perform Monte Carlo type of
simulations for comparing the performance of LS, CLS and BFC methods with
the traditional solution given in Eq. (4). Secondly, we assess the results in order to
find what frequency combination is the best for a dual-frequency Galileo receiver.
We notice, that for the sake of clarity we present only results related to range
estimation, since this is the parameter of interest.

4.1

Simulation profile

In our research we consider the carrier frequencies E1 (1575.42 MHz), E5 (1189
MHz), E5a (1176.45 MHz) and E5b (1207.14 MHz), assigned to Galileo system,
16

which are dedicated to open and commercial services (OS and CS) [17]. As a
result, we have six possible frequency combinations: E1-E5, E1-E5a, E1-E5b,
E5-E5a, E5-E5b and E5a-E5b, from which the E5-E5a is not considered here
since in theory it was shown to perform by far the worst (see Section 2.1 for more
information). The simulation setup is as follows: we generate 2000 random realisations of the signal and of the measurement errors. More precisely, the true
range is uniformly distributed between 18000 and 25000 km and the TEC is uniformly distributed between 1 and 250 TECU. We would like to emphasise that
the eﬀects associated with the satellite/receiver clock are not considered for the
sake of reduced modelling complexity (in the presence of such errors, satellite
clock bias can be removed using the time parameters included in the navigation
message and the receiver bias can be found by linear combination of at least four
pseudoranges). This implies that negative pseudorange measurements cannot occur, although in reality they are likely to appear (e.g., if the receiver clock drift
is large, above a certain threshold). The limits of the TEC parameter have been
chosen in such a way that typical values encountered in various latitudes are included [18–20].
Furthermore, the measurement errors are assumed to be uncorrelated [2], unless otherwise stated. Statistically, the error for each carrier frequency (here, f1
to f4 frequencies correspond to E1, E5, E5a and E5b, respectively) is modelled as
a random variable that follows the normal distribution (the assumption of normal
distribution has been commonly encountered in the literature [2, 21–23]). More
precisely, the errors are distributed according to εi ∼ N(µεi , σεi ), where µεi = 1/ f s,i
17

with f s,i being the sampling frequency and σεi takes values from 0 to 0.2 chips with
a step of 0.01 chip. Because E1 signal has smaller chip rate than the other three,
a standard deviation error of 0.01 chips translates into 2.932 m. of error for E1
signal and into 0.293 for the rest (see Table 2 for chips-to-meters mapping). We
notice that the choice of the mean range error represents a worst-case scenario,
since a typical implementation for tracking the code delay (such as the commonly
used narrow Early-Minus-Late discriminator) can provide estimates with resolution within two consecutive samples (e.g., in a three-correlator tracking unit, the
delay estimates can fall anywhere between early and late correlators). However,
critical environments which are characterised by heavy multipath propagation effects, such as densely-built areas, can cause high tracking errors (e.g., for the GPS
C/A and Galileo Open Service signals, these errors may be several decades of
metres, depending the on the channel profile and the receiver) [24–26]. Furthermore, the sampling frequency, f s,i , was taken equal to 2Wi , where Wi is the signal
bandwidth (in order to fulfill Nyquist rule). Because the main spectral lobes of
the Galileo signals fall within the range [−2NB,i fchip,i 2NB,i fchip,i ], where NB,i and
fchip,i are the modulation order and chip rate of the signal transmitted in fi frequency, respectively, it can be easily shown that Wi = 4NB,i fchip,i [27]. We recall
that the modulation order is defined as the ratio between the sub-carrier rate and
the chip rate and it depends on the used modulation [27]. For example, for a
BPSK-modulated signal on frequency fi , NB,i = 1; for a CBOC-modulated signal
on fi , NB,i = 12 [27]. In other words, the mean error depends on two parameters:
the modulation order and the chip rate of the signal in use (see Table 3 for mean
18

measurement errors in metres).
The description of the included methods are given in Sections 2.2 and 3. CLS
method is implemented with the help of quadratic programming. Also, we recall
that we have chosen b = [0 0]T as the inequality constraint vector. Moreover, for
reference purpose, we also include the cases in which no ionospheric correction
is done in any of the two signals. The performance measure we used is the Root
Mean Square Error (RMSE) expressed in units of meters.

4.2

Assessment of results

The simulation results are divided into two categories: In the first one, the mean
error is zero (i.e. µε1 = µε2 = 0) and in the second one we have 1/(8NB,i fchip,i )
(recall that µεi = 1/ f s,i = 1/(2Wi ) = 1/(2 ∗ 4NB,i fchip,i )). In Fig. 3, we see the
RMSE for E1-E5a pair versus the standard deviation. We chose this frequency
combination because from theoretical point of view it was shown to result in the
smallest noise variance (see Section 2.1). In the case of zero mean (left plot),
the poor performance of LS can be explained by the fact that no constraints are
set, which consequently allows for physically invalid solutions. We notice that
because the mean measurement errors are zero, the traditional method is mathematically equivalent to the LS. Therefore, the performance curve of traditional
method is omitted from the left plot of Fig. 3 in order to avoid redundancy. It
is important to observe that in the absence of tracking error (i.e. when the mean
and deviation of error are zero), both the traditional and the LS approaches result
in zero RMSE, however, their overall performance indicates how sensitive these
19

methods are in the presence of even small errors.
Regarding the CLS method, we see that it performs considerably better than
LS, which is as expected, since CLS restricts the solution to valid values. The
method we proposed based on brute force constraint performs the best of all methods for error deviation higher than 0.03. However, when the error deviation is
higher than 0.13 chips, the BFC does not oﬀer any advantage if E5a signal is
used. The results for non-zero mean are shown in the right plot of Fig. 3 from
which it is obvious that introducing a mean tracking error caused all methods to
perform worse than with zero mean measurement errors. Nevertheless, in practise
it is more likely to have non-zero mean measurement errors due, for example, to
multipath bias. We see that CLS method performs the best for small error deviations (i.e. up to 0.03 chips), while BFC is the best when error deviation is higher
than 0.03 chips.leme. Moreover, comparison between the two plots shows that
CLS and BFC methods perform better in cases of non-zero mean error. Nonetheless, we would like to emphasise that BFC method is the least computationally
demanding, while CLS method is the most complex.
Fig. 5 shows the histograms of TEC and range estimation errors for BFC (top
plots), LS (middle plots) and CLS (bottom plots) methods. We see that in the
BFC method the estimation error has the smallest dispersion both for TEC and
range estimates, while in LS method we have the biggest spreading. Moreover,
BFC and CLS methods seem to overestimate TEC (longer tail on the left side
of the histogram) and underestimate range (longer tail on the right side of the
histogram) more often, while the estimation errors for LS method have a more
20

bell-like shape.
In order to investigate further the non-symmetric histograms in the case of
CLS and BFC methods, we plot the Absolute Mean Error (AME) and the Variance
of Error (VoE) in the case of zero mean. From the left plot of Fig. 6 we see that
LS method is unbiased (zero mean), while in the case of CLS and BFC methods
some bias is present. On the other hand, comparison based on the variance of
error shows that BFC method has the smallest variance while LS the highest. So,
by choosing a method that imposes certain constraints we trade variance for mean
(a lower mean and higher variance in LS case is counter-balanced by a much
lower variance, but slightly higher bias in the other algorithms, explained by the
presence of the constraints
The impact of correlated noise when mean is zero is shown in Fig. 7. Specifically, we see that when σ = 0.01 chips (left plot) LS and CLS methods benefit
from positively correlated noise since RMSE decreases with increasing correlation factor. Such behaviour is in agreement with the theoretical results shown
in Fig. 2. Regarding BFC method, we see that RMSE is not much aﬀected by
the presence of correlated errors. In the case of σ = 0.1 chips (left plot), CLS
method performs better than LS, unless in the case of strong positive correlation
(i.e., when λ ≥ 0.8) where they perform similarly.
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5

Receiver design implications

When designing a dual-frequency GNSS receiver, it is important to decide what
are the two frequencies to be used. Because diﬀerent combinations may have
diﬀerent advantages over others, a designer is advised to choose and prioritise the
performance metrics based on which a choice is made. In this section, we suggest
what is the best frequency combination to be used, assuming the channel scenario
described in Section 4.1 and a certain method.
As it was shown earlier, when the mean measurement error is zero and the
standard deviation is small, the LS or equivalently the traditional method performs the best and the frequency pair to be chosen is the one with the largest
separation. The choice of this pair is supported not only from the theoretical analysis in Section 2.1 but also from the results shown in the left plot of Fig. 8. On
the other hand, when non-zero mean error is expected, CLS method performs the
best for small standard deviation (however, in this case the performance diﬀerence
between CLS and BFC is marginal). In the right plot of Fig. 8 we see the performance of CLS method for diﬀerent frequency combinations and for small error
deviations, the E5a-E5b pair appears to be the best option.
If the measurement errors are characterised by high variance, the suggested
BFC method was shown to perform the best in both cases of zero and non-zero
mean error (see Fig. 3). The performance of BFC for the various frequency
combination can be seen in Fig. 9. We see that if σ ≥ 0.15, then any combination
of E1 signal with the rest is the best choice, while for σ < 0.15, E5-E5b and

22

E5a-E5b pairs give the best results. At this point, it is important to emphasise the
finding that unlike in the case of zero mean error, in the case of non-zero mean
error the best pair does not depend on the frequency separation. For example, for
CLS method we see that the theoretical order is preserved only for error deviation
higher than 0.06 chips (see left plot of Fig. 8).

6

Conclusions and future work

This paper focuses on the estimation of the ionosphere-corrected satellite-receiver
range in dual-frequency receivers. First, we described the traditional method for
estimating the geometric range. Then, we modelled our estimation problem in
such a way, that linear methods can be applied. More precisely, we statistically
analysed the performance of the ordinary linear Least Square (LS) method and
compared it with the traditional one. In order to avoid physically-invalid solutions, we employed the Constraint Least Square (CLS) method, in which linear
inequality constraints are imposed. Moreover, a new method with reduced complexity, called Brute Force Constraint (BFC), is described. Next, we examined the
eﬀect of code tracking error in the performance of the above mentioned methods
and provided comparative discussion of them.
The simulation results showed that the LS method has the same performance
with the traditional approach. Moreover, it was shown that both of them are able
to successfully estimate the true range (i.e. resulting Root Mean Square Error
(RMSE) was zero) when there is no measurement error (e.g., tracking gives per-
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fect delay estimates). However, in the realistic case when even a small measurement error occurs (due for example to incomplete multipath mitigation in the delay
tracking), their performance deteriorates significantly.
Moreover, the results showed that CLS method performs better than LS at
the expense of increased computational complexity. Nevertheless, in the case of
zero mean error, LS method was the only unbiased estimator but also the one
characterised with the highest variance. The proposed BFC method and CLS
were shown to perform better in the case where the tracking error variable was
characterised by non-zero mean. Finally, the results indicated that the E1-E5a
frequency pair is the best combination for a dual-frequency receiver.
Based on these observations, and on the fact that in severe multipath propagation scenarios, such as in urban areas, where measurement errors are highly likely,
we would recommend that dual-frequency ionospheric correction should be made
based on the proposed BFC algorithm, instead of using the classical solutions
(linear combination or LS). BFC algorithm oﬀers a low complexity solution with
significant advantage over the classical solutions when measurement errors are
present.
Priorities for future research into the ionosphere-corrected range estimation
include further optimisation of BFC algorithm and performance evaluation using
real satellite data.
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Signals & carrier frequencies, kHz
E1 (1575.42)
E5
E5a

E5
(1189)
386.42

E5a
(1176.45)
398.97
12.55

E5b
(1207.14)
368.28
18.14
30.69

Table 1: Absolute frequency separation (in KHz) for diﬀerent freq. combinations.
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XXX
XXX σ, chips
XXX
Signals
XXX

E1
E5, E5a, E5b

0.01

0.05

0.1

0.15

0.2

2.932
0.293

14.662
1.466

29.325
2.932

43.988
4.398

58.651
5.865

Table 2: Standard deviation of measurement range error: Chips-to-meters mapping.

31

µ, metres
18.3284
0.9164
3.6657

Signals
E1
E5
E5a, E5b

Table 3: Non-zero mean measurement range error in units of metres.
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Figure 1: Variance of range error for various frequency combinations and zero
mean measurement errors (solid line: simulation-based, filled circle: theorybased)
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diﬀerent standard deviations of measurement error (σ) and mean equal to zero
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Figure 3: Range RMSE for E1-E5a frequency combination, zero (left plot) and
non-zero (right plot) mean.
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Figure 4: Histograms of TEC and range estimates of BFC (top plots), LS (middle
plots) and CLS (bottom plots), for E1-E5a frequency combination, zero mean and
σ = 0.2 chips.
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Figure 5: Histograms of TEC and range estimation errors of BFC (top plots), LS
(middle plots) and CLS (bottom plots), for E1-E5a frequency combination, zero
mean and σ = 0.2 chips.
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Figure 6: AME (left plot) and VoE (right plot) for E1-E5a frequency combination
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Figure 7: Range RMSE versus correlation factor for E1-E5a frequency combination, zero mean, σ = 0.01 (left plot) and σ = 0.1 (right plot).
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Figure 8: Range RMSE of CLS method for various frequency combinations, zero
(left plot) and non-zero mean (right plot).
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Figure 9: Range RMSE of BFC method for various frequency combinations, zero
(left plot) and non-zero mean (right plot).
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