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Abstract. We present a detailed multipolar tensor analysis of second-harmonic
(SH) generation from arrays of L-shaped gold nanoparticles. We define three
effective nonlinear tensors, which include electric dipoles only (Aeee ) and lowestorder magnetic (and quadrupole) effects at the fundamental (Aeem ) and the
SH (Amee ) frequency. The components of the various tensors are distinguished
through their different transformations as the experimental geometry is varied.
The response is dominated by electric-dipole effects. However, the higher
multipoles also play a significant role and are more important at the fundamental
frequency than at the SH frequency. The results correlate well with the particles’
plasmonic resonances and symmetry rules.
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1. Introduction

The optical properties of metal nanostructures are dominated by the collective oscillations of
conduction electrons, giving rise to plasmon resonances [1]. These resonances depend on the
particle size and shape as well as their number and mutual ordering when they are organized
in arrays. The resonances can lead to strong enhancement of the local electromagnetic fields
within the structure [2]–[6]. Such strong local fields may enhance the optical responses of the
structure, especially the nonlinear ones, which scale with the high power of the local field.
The local material properties and electromagnetic fields in nanostructures thus
exhibit strong nanoscale variations. Such gradients may be favorable for higher-multipole
interactions [7], thereby making magnetic dipoles, electric quadrupoles, etc important in the
optical responses. The standard electric-dipole approximation may thus not be sufficient to
describe the optical responses of nanostructures. In fact, two different types of multipoles
should be taken into account [8]–[10]: those corresponding to microscopic multipole moments,
arising from the atomic-scale light–matter interaction Hamiltonian [11], and those related to Mie
scattering theory [1, 12], where the atomic-scale interaction may be of the electric-dipole origin,
and the multipole effects arise from field retardation effects over the nanostructure. However,
the radiation patterns of both types are similar in the far field. Moreover, there are particular
challenges regarding the understanding of the role of different multipolar interactions in the
nonlinear optical responses of various types of samples [13]–[16].
A number of works have addressed the role multipole effects in the optical responses of
various kinds of nanoparticles [17]–[20]. Krenn et al [21] provided experimental evidence of
multipolar plasmon resonances from elongated silver nanoparticles, where resonances depend
on the nanoparticle length. The magnetic resonances are thought to play an important role
in the properties of metamaterials [22]; however, the role of electric quadrupole effects
has also recently been emphasized [23]. The nonlinear properties of nanoparticles as well
as the multipolar contributions to the nonlinear properties are a subject of increasing
interest [8]–[10], [24]–[27]. Second-harmonic generation (SHG) from arrays of split-ring
resonators (SRRs) was studied by Klein et al [22]. They found that SHG was the most efficient
when the magnetic resonance of the structure was excited. In addition, Petschulat et al [28]
present a new analytical approach to the nonlinear properties of SRRs). They use a selfconsistent model that describes the linear response of meta-atom geometries by their intrinsic
plasmonic eigenmodes and includes multipolar effects. The simulated results were then used to
estimate the nonlinear interactions that include the expected enhanced SH signal due to both
electric and magnetic resonances. In addition, dipolar and quadrupolar effects have been shown
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to play an important role in incoherent second-harmonic (SH) scattering from nanoparticles,
both in ensemble [11, 27, 29] and single-particle measurements [8].
We have recently provided evidence of significant multipole interference in coherent SH
emission from arrays of gold nanoparticles. Our approach [30, 31] was based on the differences
between the fundamental radiative properties of electric dipoles as opposed to magnetic dipoles
and electric quadrupoles [32]. The higher multipoles were estimated to contribute up to 20%
of the total emitted SH field amplitude. Moreover, the tensor components forbidden for the
ideal symmetry of the particles were found to play an important role in the SH response of the
system [31]. This fact was explained by the chiral symmetry breaking of the particles, giving
rise to the dipolar and effective quadrupolar sources that would be forbidden for the case of ideal
particles. In this interpretation, the role of surface defects is particularly important, because they
can act as local sources of SHG with retardation between the sources giving rise to effective
quadrupoles. However, the measurement technique used is only able to provide evidence of
higher-multipole interactions at the SH frequency.
In this paper, we extend our experimental approach further by defining effective nonlinear
tensors for the nanostructure that include electric and magnetic effects at the fundamental and
SH frequencies. Our magnetic tensors also account for the electric quadrupoles, because on the
basis of present knowledge, the two types of effects cannot be separated from each other in the
measured coherent SHG signals [33]. By relying on the different transformation properties of
the nonlinear tensors as the experimental geometry is varied, we provide evidence of highermultipole interactions at both the fundamental and the SH frequency. In particular, we find that
for the structures investigated, the higher multipole effects are even stronger at the fundamental
frequency than at the SH frequency.
2. Theoretical basis

The traditional model of the nonlinear response based on the electric-dipole approximation and
the nonlinear susceptibility is not well suited to describing the nonlinear responses from metal
nanostructures. This is because the local fields and material properties, such as the susceptibility,
exhibit strong spatial variations in the scale of a wavelength or less. A full description of such
effects is computationally extremely demanding and has been done only for some simple model
cases [8, 9, 12, 34]. To avoid such nanoscale difficulties, we have introduced a macroscopic
nonlinear response tensor (NRT) approach, in which the sample is treated as a ‘black box’,
and the interesting quantities are the input and output radiation fields [35]. In our earlier
implementation of this approach, the structure of the NRT was determined by electric-dipoletype symmetry rules for a given experimental situation at a time. With this limitation in mind, the
NRT can also be considered as equivalent to the nonlinear susceptibility tensor in the effective
medium limit of the sample.
In this paper, we extend the NRT approach to account for dipole and higher-multipole
interactions. Up to lowest-order magnetic-dipole and electric-quadrupole effects, the effective
SH source polarization, magnetization and quadrupolarization are [33, 36]
eeQ
eem
Pi (2ω) = Aieee
jk (2ω, ω, ω)E j (ω)E k (ω) + Ai jk E j (ω)Bk (ω) + Ai jkl E j (ω)∇k E l (ω),

(1)

Mi (2ω) = Aimee
jk (2ω, ω, ω)E j (ω)E k (ω),

(2)

Q i j (2ω) = AiQee
jkl (2ω, ω, ω)E k (ω)E l (ω),

(3)
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Figure 1. The geometry of the measurements: the fundamental beam is first

incident on the metal side of the sample and after flipping the sample over
on the substrate side. The angle of incidence α is kept relatively small (<1◦ ),
which allows us to identify s- and p-polarizations with x- and y-polarizations,
respectively. After flipping the sample, the coordinate system connected with
the sample is transformed with respect to the laboratory coordinate system with
x = x 0 ; y = −y 0 ; z = z 0 .
respectively, and the indices i, j and k refer to Cartesian field components. In addition, emission
from the quadrupolarization involves a gradient of the source with respect to the direction of
emission ∇i Q i j [32].
The present understanding, however, is that magnetic-dipole and electric-quadrupole
effects cannot be separated from each other when coherent and directional signals are
detected [33]. At first sight, this may appear surprising, because electric and magnetic
interactions differ from each other with regard to time-reversal symmetry [32]. However, it is
an open question as to how time reversal should be applied to a nonlinear frequency conversion
process. This could be approached by considering the reciprocity of the experiment. To do this,
another experiment should be performed, where all frequency components, including the ones
generated by the sample, are sent back to the sample in reversed order and with proper phase,
amplitude and spatial mode, which is clearly beyond experimental capabilities. Just repeating
the SHG experiment with front- and back-side incidence is thus not sufficient.
We are thus experimentally limited to spatial symmetry operations. In the effective medium
limit, the gradients associated with the quadrupole tensors AeeQ and A Qee are related to
field propagation, whereas the field components can only involve transverse components. By
considering the available spatial symmetry operations, one finds that the quadrupole effects
cannot be separated from magnetic effects, as explained in more detail in [33]. From now
on, we thus take AeeQ = 0 and A Qee = 0 in equations (1)–(3), with the understanding that the
quadrupole effects are implicitly included in the magnetic tensors Aeem and Amee .
We next apply this formalism to the simplest possible geometry, where the incident laser
beam is a plane wave propagating along the positive z-direction and is applied at normal
incidence on the sample (figure 1).
It is important to note that under the effective-medium assumption, the field components
refer to the incident plane waves, not the strongly varying local fields in the nanostructure. The
fields thus only have the x- and y-components, also limiting the indices i, j and k in equations (1)
and (2) to these values.
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The incident plane wave at the fundamental frequency is thus described by
E(ω) = [x̂ E x (ω) + ŷ E y (ω)] exp[i(kω · r − ωt)],

(4)

where E x (ω) and E y (ω) are the two polarization components of the beam and the wave vector
kω = (ω/c)ẑ. From Maxwell’s equations, it follows that ikω × E(ω) = iωB(ω), so that the
magnetic and electric field components are related by




1 −E y (ω)
Bx (ω)
∼
.
(5)
B y (ω)
c E x (ω)
Once the nonlinear sources have been established, they radiate SHG light according to the
emission rules of the electric and magnetic dipole sources [29, 30]. For coherent signals emitted
along the sample normal to the reflected and transmitted directions, the SHG signals in the far
field are proportional to
E(2ω) ∼ P(2ω) + k2ω × M(2ω),

(6)

where k2ω is the direction of observation (k2ω = (2ω/c)ẑ for transmission or k2ω = −(2ω/c)ẑ
for reflection).
To understand how the various tensors contribute to possible measured signals, we
consider, as an example, the x-polarized SH signal arising from the x-polarized fundamental
beam. Within the electric-dipole approximation, the interaction is thus described by the tensor
component Aeee
x x x . We also take the basic geometry to have the fundamental beam incident on the
metal side of the sample, which is described by
2
E x (2ω) ∼ Aeee
x x x E x (ω) .

(7)

In the presence of magnetic contributions at the fundamental and SH frequencies, however,
mee
this signal is modified by the tensor components Aeem
x x y and A yx x , respectively. By taking these
interactions into account and using equations (5) and (6), we find that the transmitted and
reflected SH signals, respectively, are of the form
 2
eem
mee
E x (2ω) ∼ Aeee
(8)
x x x + A x x y + A yx x E x (ω),
 2
eem
mee
E x (2ω) ∼ Aeee
(9)
x x x + A x x y − A yx x E x (ω).
Note that compared to the basic definitions of equations (1) and (2), all tensors have now been
renormalized in a way that all contributions refer to the electric fields at the fundamental and
SH frequencies.
The expressions given by equations (8) and (9), however, do not contain sufficient
information to determine all the components of the three tensors. Additional information can
be obtained by flipping the sample over from metal-side incidence of the fundamental beam
to substrate-side incidence. By rotating the sample by 180◦ about the x-axis (figure 1), and
by recalling that under rotations electric and magnetic quantities transform in the same way,
any tensor component with odd number of y indices changes sign. For the new geometry, the
transmitted and reflected SH signals are thus
 2
eem
mee
E x (2ω) ∼ Aeee
(10)
x x x − A x x y − A yx x E x (ω),
 2
eem
mee
E x (2ω) ∼ Aeee
(11)
x x x − A x x y + A yx x E x (ω).
In our experiments, we modulate the polarization of the fundamental beam. We hence have
eee
eee
to consider in the same way the electric-dipole tensor components Aeee
x yy and A x x y = A x yx ,
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Table 1. NRT element signs with respect to measurement geometry (M-T, metal

side, transmission; M-R, metal side, reflection; S-T, substrate side, transmission;
S-R, substrate side, reflection).
Geometry
M-T
M-R
S-T
S-R

Aeee
xxx

Aeem
xxy

Amee
yx x

Aeee
x yy

Aeem
x yx

Amee
yyy

Aeee
xxy

eem
(Aeem
x yy − A x x x )

Amee
yx y

+
+
+
+

−
−
+
+

−
+
+
−

+
+
+
+

+
+
−
−

−
+
+
−

−
−
+
+

+
+
+
+

+
−
+
−

and the associated components of the magnetic tensors. The x-polarized signal for metal side
incidence and transmitted direction is then found to be
 2
 2
eem
mee
eee
eem
mee
E x (2ω) = Aeee
x x x + A x x y + A yx x E x (ω) + A x yy − A x yx + A yyy E y (ω)



eem
eem
mee
(12)
+ Aeee
x x y + A x yy − A x x x + A yx y E x (ω)E y (ω).
In addition, the signs of the various components for the various measured signals are given in
eem
table 1. Note that table 1 shows that the tensor components Aeem
x yy and A x x x cannot be separated
eem
eem
from each other but can only be measured as the combination A x yy − A x x x .
It is also important to note that absolute signal levels are extremely difficult to calibrate
during the measurements. We will therefore take advantage of the fact that the strengths of the
various interactions are likely to depend on the state of polarization of the fundamental beam.
Our technique is therefore based on manipulating the polarization of the fundamental field
continuously while the SH signals are recorded, which leads to varying interference between
the different tensor components. Furthermore, the experimentally measured quantities are the
irradiances of the SH field. Each measured signal can therefore be fitted to the functional
form
2

I2ω = f E x2 (ω) + gE y2 (ω) + hE x (ω)E y (ω) ,

(13)

where f, g and h are the fitting parameters expressing the contributions from different quadratic
combinations of the polarization components of the fundamental field. It is evident that, except
for trivial scaling constants, the parameters are of the form
eem
mee
f = Aeee
x x x ± A x x y ± A yx x ,
eem
mee
g = Aeee
x yy ∓ A x yx ± A yyy ,

(14)

eem
mee
h = Aeee
x x y ± A x yy − A x x x ± A yx y ,


eem

where the proper signs for each signal are given in table 1.
By measuring and analyzing all the four signals, we therefore obtain various combinations
of the tensor components. The results can thus be used to construct a group of linear equations,
where the unknowns are the tensor components and arbitrary scaling constants between the four
signals. In the present case, the measured results provide a sufficient number of independent
parameters that allow all of the unknowns to be uniquely determined.
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Figure 2. Scanning electron micrograph of the sample with the principal axes

marked.
3. Experimental methods

Our sample consisted of an array of L-shaped gold nanoparticles. The linewidth of the particle
arms is about 100 nm, the arm length is about 200 nm and the thickness of the metal layer is
about 20 nm. The particles are ordered in a square lattice with a 400 nm period. The sample is
covered with a 20 nm thick protective layer of silica. The active area of the sample is 1 mm ×
1 mm. A scanning electron micrograph of the sample is shown in figure 2. The nanoparticles
were deposited on a silica glass substrate using standard electron-beam lithography and the
lift-off process [37].
The symmetry of an ideal L-shaped particle with equal arm lengths dictates a natural
coordinate system for the sample. The principal axes denoted as x and y are rotated by 45◦
relative to the electron-beam lithography writing system. For the case of ideal, symmetric
particles, the x-axis is a mirror symmetry axis. Reflection with respect to this axis is the only
symmetry operation for the sample. However, in the case of a real structure, the symmetry is
broken due to shape distortions from the ideal and by the surface defects. The ideal geometrical
L outline in figure 2 emphasizes the deviation of the real sample from the ideal. The sample
exhibits strong dichroism [38], with x- and y-polarizations having well-defined plasmonic
resonances at the wavelengths of about 1050 and 1500 nm, respectively.
The experiments were performed using a femtosecond Nd:glass laser (200 fs pulse length,
82 MHz repetition rate and 320 mW average power) as the source of fundamental light
(figure 3). The x-polarization plasmonic resonance is thus close to the laser wavelength
of 1060 nm. In addition, for the x-polarized fundamental beam, the x-polarized SH signal,
described by the tensor component Aeee
x x x , is electric-dipole-allowed by the ideal structural
symmetry of the sample. Focusing the present study on the x-polarized SH signals is therefore
particularly relevant for demonstrating the capabilities of our new measurement technique in
addressing the interplay of plasmon resonances and various multipole effects in the nonlinear
response of the sample.
The laser light is weakly focused on the sample (spot size about 200 µm). The state
of polarization of the fundamental beam is controlled with a polarizer P1 (cf figure 3),
passing the linear p-polarization (in the plane of incidence). During the measurements, the
New Journal of Physics 13 (2011) 023025 (http://www.njp.org/)
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Figure 3. Experimental setup (VISF, visible blocking filter; IRF, infrared

blocking filters; PMT 1, 2, photomultiplier tubes; P1, polarizer; A1, A2,
analyzers).
state of polarization is modulated continuously with a quarter-wave plate (QWP), mounted
in a computer-controlled, motorized rotation stage. Due to simultaneous measurements of the
transmitted and reflected SHG signals, the sample is slightly (around 1◦ ) tilted off normal with
respect to the fundamental beam. We have performed several tests to verify that this angle
is sufficiently small to make the coupling of the fields with the sample normal direction (z)
insignificant [30, 31]. The s- and p-polarization components can thus be equated with the x- and
y-polarizations, respectively.
The generated SHG light passes through an s-directed (normal to the plane of incidence)
analyzer. The s-polarized SH signal is thus detected as a function of the fundamental beam
polarization state controlled with the QWP rotation angle. The SHG signal is detected with a
sensitive photomultiplier tube connected to a photon counting system. To make sure that the
measured signal is SHG light and that it originates from the sample itself, visible and infrared
blocking filters were used before and after the sample, respectively. The measurements were
repeated for both orientations (metal and substrate side incidence) of the sample in the setup.
4. Results and discussion

The four measured signals as functions of the rotation angle of the QWP and their fits to
equation (13) are shown in figure 4. In order to address whether an electric-dipole-only model
could explain the data, the polarization lineshapes for the substrate-side incidence data have
been reflected with respect to zero angle of the wave plate. This is because the change in the
orientation of the sample reverses the sign of the y-coordinate of the sample, and hence this
must be taken into account in describing how the wave plate modulates the state of polarization
in the sample frame of reference (see also table 1). After this detail has been taken into account,
all measured lineshapes would have to be identical if only electric dipoles were present.
The results of figure 4 have several interesting features. First, the overall features of
all four lineshapes are very similar to each other, which would suggest that electric-dipole
effects dominate the response. However, the lineshapes do have significant differences with
regard to their details, both between the reflected and transmitted SHG signals and between
the SHG signals for the metal and substrate side incidence of the fundamental beam. These
New Journal of Physics 13 (2011) 023025 (http://www.njp.org/)
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Figure 4. Comparison of data sets for different geometries of the measurement

and their fits to the model of equation (13). The labels refer to transmission
(T), reflection (R), metal incidence (M) and substrate incidence (S). Note that
the results for the metal incidence are plotted from 0◦ to −180◦ , instead of 0◦
to 180◦ , to account for the change in sign of the y-coordinate between the two
geometries.
Table 2. Results for the fits to equation (14). The error for all obtained values

was estimated to be smaller than 0.03 units for both the real and imaginary parts.
NRT element

Value

Magnitude

Aeee
xxx
Aeem
xxy
Amee
yx x
Aeee
x yy
Aeem
x yx
Amee
yyy
Aeee
xxy
eem
(Aeem
x yy − A x x x )
mee
A yx y

1
−0.239 + 0.408i
0.034 + 0.041i
0.794 + 0.063i
0.233 − 0.315i
0.012 − 0.033i
0.199 − 0.086i
0.438 + 0.137i
0.003 + 0.007i

1
0.473
0.054
0.797
0.392
0.035
0.217
0.459
0.007

differences already provide qualitative evidence of the importance of higher multipole effects at
the fundamental and SH frequencies.
In order to obtain more quantitative information about the importance of the higher
multipole effects, the fit parameters f, g and h for each measured signal were expressed in
terms of the components of the tensors to set up a group of linear equations with the tensor
components and scaling constants of the signals as unknowns. The solution is shown in table 2,
where the values have been normalized to the electric-dipole-allowed component Aeee
x x x . The
error for all obtained values was estimated to be smaller than 0.03 unit for both the real and the
imaginary parts. Note that this component is electric-dipole-allowed for the ideal structure and
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corresponds to the case where the fundamental wavelength is close to the plasmon resonance of
this polarization. This component is indeed found to dominate the response. However, the other
electric-dipole-allowed component Aeee
x yy is almost as large in magnitude, whereas the ideally
is
significantly
smaller.
forbidden component Aeee
xxy
The results also show that the higher multipole effects are much stronger in tensor Aieem
jk
than in tensor Aimee
.
The
higher
multipole
effects
are
thus
significantly
more
important
at
jk
the fundamental frequency than at the SH frequency. This result is an important difference
compared to our earlier results [30, 31], where the multipole effects were explained in
terms of different radiative properties of the various multipoles, i.e. assuming that all
multipole effects occur at the SH frequency. This new result could only be obtained
by our new technique, where the sample is characterized in two different orientations
(metal and substrate side incidence). The importance of higher multipole effects at the
fundamental frequency is likely related to the fact that the particles support plasmonic
resonances and thus strong local fields only at the fundamental frequency but not at the SH
frequency. The field gradients favorable for the multipole effects are therefore stronger at the
fundamental frequency.
It is also interesting to compare the relative importance of the higher multipole effects to
the various measured signals. The electric-dipole-allowed resonant signal, which arises from
eem
mee
the tensor components Aeee
x x x , A x x y and A yx x , is clearly dominated by electric-dipole effects,
although higher multipoles also make a significant contribution. The same applies to the allowed
eem
mee
signal due to Aeee
x yy , A x yx and A yyy . However, the forbidden signal, due to the components
eem
eem
mee
Aeee
x x y , A x yy − A x x x and A yx y , which can only arise from sample imperfections (such as shape
deviations from ideal and nanoscale defects), is dominated by the higher multipole components.
This is in agreement with the earlier interpretation that higher multipole effects are associated
with symmetry-breaking surface defects and field retardation [30, 31]. On the other hand, the
role of higher multipole effects in the allowed signals suggests that not all surface defects need
to break the symmetry and thus only contribute to retarded wavelets.
5. Conclusions

In conclusion, we have presented a new measurement technique that allows the role of the
electric-dipole and higher-multipole contributions to the SH response of metal nanostructures
to be addressed in detail. The technique is based on the effective medium approach where a
total of three effective nonlinear response tensors are introduced to account for the electricdipole interactions and the magnetic-dipole interactions to lowest-order at the fundamental
and SH frequencies. The technique is based on the different transformation properties of the
three tensors as the experimental geometry is manipulated. In particular, comparison of the SH
signals emitted in the reflected and transmitted directions provides evidence of higher-multipole
effects at the SH frequency [30, 31], whereas comparison of the signals for the fundamental
beam incident on the metal and substrate sides provides complementary information that can be
correlated with the presence of higher multiple effects at the fundamental frequency.
The present results show that the four measured signals have important differences in their
details. The results for the sample investigated suggest that the dipolar response dominates;
however, significant effects beyond electric dipoles are also present. Furthermore, the higher
multipole effects are significantly more important at the fundamental frequency than at the
SH frequency. In addition, the signal that is electric-dipole-forbidden for the ideal structure
New Journal of Physics 13 (2011) 023025 (http://www.njp.org/)
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is dominated by the higher multipole effects. This provides further support to the interpretation
that the higher multipole effects are closely related to the surface defects of the sample. In the
future, it will be interesting to investigate the role of the multipole effects under resonant and
non-resonant excitation and for samples with varying surface quality.
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