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Robust estimation of a reception region from
location fingerprints
Robert Piché
Tampere University of Technology
robert.piche@tut.fi
Abstract— A method for fitting an ellipse-shaped reception
region to a set of location-stamped radio signal reception reports,
or location fingerprints, is presented. Reports are modelled as
having a multivariate Student distribution. The method is less
sensitive to outliers than existing smallest-enclosing ellipse and
Normal-distribution based methods. A Gibbs sampling algorithm
and an Expectation-Maximisation algorithm to compute ellipse
parameters are presented.

I. I NTRODUCTION
Many positioning systems make use of a database of radio
reception reports or “fingerprints”. At its simplest, a fingerprint
is a list of the radio signals (e.g. phone cell id’s or WiFi access
point addresses) that can be heard by a receiver, along with
a timestamp and the receiver’s location. Fingerprints can be
collected in a systematic survey (“wardriving”) or by (perhaps
surreptitiously) polling GPS-equipped mobile devices.
A fingerprint database can be enormous, for example Skyhook Wireless claims to maintain a reference database of over
250 million WiFi and cellular phone access points. There is
therefore interest in compressing fingerprint information in
order to facilitate data storage and transmission as well as
position calculations. One solution is to distill fingerprints
into a database of signal sources’ reception regions (coverage
areas), the sets of locations where the signal strength exceeds
some predefined threshold level. Actual reception regions are
irregularly shaped (Fig. 1) and depend on the chosen signal
strength threshold, receiver antenna orientation, and changing
environmental factors (e.g. atmospheric humidity, number of
people nearby), but reception region models for practical largescale positioning systems need to be very simple.
A simple reception region model is a disk, centred for
example at the mean or the median of the fingerprints. A
slightly more elaborate reception region model is the smallest
ellipse that contains all the fingerprints. Ellipses only need 5
real numbers to be specified, but provide a reasonable approximation of a convex region. (Some ellipse parametrisations are
summarised in Appendix I.)
In [1], ellipse-shaped reception regions are fitted by modelling reception reports as having a Normal (Gaussian) distribution. Bayesian estimates of the model parameters can
be rapidly computed using closed-form formulas available in
the literature (e.g. [2]). Prior knowledge about typical radio
signal range can be exploited to improve the reception region
estimate.

Fig. 1. A conceptual presentation of a mobile phone network cell id reception
region (green), reception reports (x), and the smallest ellipse that encloses
them. The base station location (triangle), which in this case is not inside the
ellipse, is not needed for positioning.

The smallest ellipse containing all the fingerprints can also
be given a Bayesian interpretation. It can be shown to be
the maximum a-posteriori estimate when the probability of
reception is modelled to be uniform inside an ellipse and zero
outside, and the prior probability distribution of the ellipse
parameters is assumed to be uniform.
Real fingerprint data can be expected to include some
outliers, that is, locations that are not in the normal reception
region are reported because of unusual reception conditions,
software or hardware malfunctions in the GPS or radio signal
reception, etc. The smallest enclosing ellipse region-fitting
method is obviously very sensitive to even a single outlier,
and the Normal regression model is well known to be overly
sensitive to outliers. For both these methods, outliers produce
reception regions that are too large. Various outlier-screening
heuristics exist and these are usually adequate for dealing with
a small number of gross outliers. “Moderate” outliers are more
difficult to handle, especially if they are numerous.
The Student t distribution, of which the Cauchy distribution
is a special case, is known as an alternative to the Normal
distribution that, because of its heavy tails, is better suited as a
model of data that may contain outliers [3]. Student regression
can be computed numerically by standard Gibbs sampling or
Expectation Maximisation (EM) algorithms.
The objective of this work is to present in detail the fitting
of ellipse-shaped reception regions using a Student model of
reception reports. The paper is organised as follows. Section II
reviews the Normal distribution-based fitting method. The

Student data model is presented in section III-A. EM and
Gibbs sampling algorithms for Student regression are detailed
in sections III-B and III-C. The use of prior information
about reception region sizes to improve the region estimate
is discussed in section IV.
II. N ORMAL M ODEL
A. Distributions
Here, each observation is modelled as a d-variate Normal
random vector xn with mean m and covariance Q−1 ,
xn | m, Q ∼ Normal(m, Q−1 )
p(xn | m, Q) =

1
2

1
�
|Q|
e− 2 (xn −m) Q(xn −m)
d/2
(2π)

Assuming that N observations are conditionally independent
given the model parameters, the likelihood density for the d ×
N observation array x1:N = [x1 , . . . , xN ] is
p(x1:N | m, Q) =

N
�

n=1

where C( · ; d) is the inverse cumulative distribution function
of a chi-square distribution with d degrees of freedom.
The ellipse defined by (1–4) with d = 2 can be used as a
model of the reception region in the plane. The computational
load is very small; most of the work is the calculation of the
empirical mean and the 2 × 2 residual sum of squares matrix
in (1). However, as the following examples illustrate, outliers
in the data usually produce an ellipse that is too large and
often with its major axis incorrectly oriented with respect to
the inliers.
B. Examples
Fig. 2 illustrates the estimation of a region reception for
actual location fingerpring data that was obtained by logging
a heterogenous set of GPS-equipped mobile phones in normal
use. Evidently, the Normal data model’s ellipse is strongly
influenced by the three outliers.
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where the empirical mean and the residual sum of squares are
c=

N
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xn ,
N n=1

N
�

S=

n=1

(xn − c)(xn − c)�
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respectively.
Assuming the uninformative scale and rotation invariant
improper prior distribution for the model parameters
p(m, Q) ∝ |Q|−(d+1)/2

(2)

leads to the posterior distribution with density
p(m, Q | x1:N ) ∝ p(x1:N | m, Q)p(m, Q)
∝ |Q|

N −d−1
2

�

N

1

e− 2 (m−c) Q(m−c)− 2 tr QS

This is called a Normal-Wishart distribution because the
posterior conditional distribution of m given Q is Normal,
m | x1:N , Q ∼ Normal(c, (N Q)−1 )
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Fig. 2.
Reception regions fitted as 90% HDR ellipses for a set of 30
location fingerprints that includes 3 obvious outliers. The solid lines are
ellipses fitted using the uninformative prior (2), the dashed lines are fitted
using the informative prior (13) with σ = 1000 and τ = 10.

The ellipse-fitting methods presented here are applicable not
only to location fingerprints; they can be applied to any set of
multivariate real-valued data for which location and scale are
to be estimated. Fig. 3 shows ellipses fitted to an astronomy
data set from [4] that is widely used to test clustering and
robust regression algorithms. Here also, the Normal model
produces an ellipse that is too large and incorrectly oriented
with respect to the inliers.

and the posterior marginal distribution of Q is a Wishart
distribution with N − 1 degrees of freedom,

7

Q | x1:N ∼ Wishart(S−1 , N − 1)

p(Q | x1:N ) ∝ |Q|

N −d−2
2

·e

6

− 12 tr QS

The mode of the joint posterior m, Q | x1:N (the maximum
a-posteriori estimate, MAP estimate) is (m̂, Q̂) with
m̂ = c,

Q̂ = (N − d − 1)S−1

log
light
intens.

(4)

5

4

(3)

The region inside the density contour that contains α of the
probability (the highest density region, α-HDR) of the Normal
data model with the MAP estimate is
(x − c)� Q̂(x − c) ≤ C(α; d)

Normal

Student
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Fig. 3.
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90% HDR ellipses fitted to astronomy data
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III. S TUDENT MODEL

The posterior conditional weights are conditionally independent Gamma-distributed:

A. Distributions
Here, each observation is modelled as a d-variate Student
random vector xn with location m, shape Q, and ν degrees
of freedom:
xn | m, Q ∼ Student(m, Q, ν)
�− ν+d
1�
2
p(xn | m, Q) ∝ |Q| 2 1 + ν1 (xn − m)� Q(xn − m)

This distribution can be obtained as a mixture of Normals
(Fig. 4) by marginalising an auxiliary weight parameter wn
having the prior distribution

out of

ν

wn ∼ Gamma( ν2 , ν2 ),

p(wn ) ∝ wn2

e

xn | m, Q, wn ∼ Normal(m, (wn Q)

(7)

n=1

with posterior conditional means
E(wn | x1:N , m, Q) =

d+ν
ν + (xn − m)� Q(xn − m)

(8)

The posterior conditional location and shape parameters are
Normal-Wishart distributed:

−1 − ν wn
2

−1

wn | x1:N , m, Q ∼
� d + ν ν + (xn − m)� Q(xn − m) �
Gamma
,
2
2
N
�
p(w1:N | x1:N , m, Q) =
p(wn | x1:N , m, Q)

m | x1:N , Q, w1:N ∼ Normal(c, (N w̄Q)−1 )

)

Q | x1:N , w1:N ∼ Wishart(S

−1
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(9)
(10)

The mode of the joint posterior m, Q | x1:N is (m̂, Q̂) with
m̂ = c,

Q̂ = (N − d − 1)S−1

(11)

The α-HDR of the Student data model with the MAP estimate
is
(x − m̂)� Q̂(x − m̂) ≤ d · F (α; d, ν)
(12)
Fig. 4. Directed acyclic graph representation of the Student data model as
a mixture of Normals

Assuming that N observations are conditionally independent given the model parameters, the likelihood density is
p(x1:N | m, Q, w1:N ) =
N
�

N

∝ |Q| 2 ·
N

= |Q| 2 ·

n=1
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n=1
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where w̄ = N1 n=1 wn and the weighted empirical mean and
residual sum of squares are
c=
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,

N
�
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wn (xn − c)(xn − c)�
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respectively. See Appendix II for a derivation.
Assuming that w1 , . . . , wN , m, Q are a-priori jointly independent, with the uninformative prior (2), leads to the posterior
density
p(m, Q, w1:N | x1:N )

∝ p(x1:N | m, Q, w1:N )p(m, Q)p(w1:N )
∝ |Q|

N −d−1
2

·

N
�

n=1

d+ν
2
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·e
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N
P
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wn (ν+(xn −m)� Q(xn −m))

where F ( · ; d, ν) is the inverse cumulative distribution function of an F distribution with (d, ν) degrees of freedom.
B. EM algorithm
The elements of the MAP estimate can be computed using
the Expectation-Maximisation (EM) algorithm [6]. For the
Student data model presented here, the algorithm is
1. initialize w1:N ← ones
2. for t from�
1 to T do �
3.
c ← (� n wn xn )/( n wn )
4.
S ← n wn (xn − c)(xn − c)�
5.
Q̂ ← (N − d − 1)S−1
6.
m̂ ← c
7.
for n from 1 to N do
d+ν
8.
wn ← ν+(x −m̂)
� Q̂(x −m̂)
n
n
9.
end do
10. end do
Here, the EM algorithm’s E-step (expectation of the auxiliary
parameters) in lines 7–9 uses (8). The M-step (maximisation
of the parameters) in lines 5–6 uses (11).
C. Gibbs sampling algorithm
The posterior mean can be used in place of the MAP
estimate. In [5] it is shown how the posterior means of the
location and shape parameters of a univariate Student data
model can be computed using a Gibbs sampling algorithm.
Generalised to d dimensions, this algorithm is:
1. initialize w1:N ← ones
2. for t from�
1 to T + T0�
do
3.
c ← ( n wn xn )/( n wn )

�
S ← n wn (xn − c)(xn − c)�
draw Q(t) from Wishart(S−1
�, N − 1)
draw m(t) from Normal(c, ( n wn Q(t) )−1 )
for n from 1 to N do
draw wn from
�
ν+(xn −m(t) )� Q(t) (xn −m(t) ) �
Gamma d+ν
2 ,
2
9.
end do
10. end do
4.
5.
6.
7.
8.

where lines 5–6 make use of (9–10) and lines 7–9 make use
of (7). The posterior means of the parameters are estimated
by the empirical sample means
E(m | x1:N ) ≈

T
T
1 � (t+T0 )
1 � (t+T0 )
m
, E(Q | x1:N ) ≈
Q
T t=1
T t=1

in which the first T0 “burn-in” samples are discarded.
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Normal

Student
Fig. 5. Reception regions fitted to a set of 5 location fingerprints (filled dots)
with no outliers. The open dots are location fingerprints that are not used in
the region fitting. Solid lines are for uninformative prior, dashed lines are for
informative prior.

D. Examples
The 90% HDR ellipse of the Student data model with MAP
estimate of location fingerprint data is shown in Fig. 2. This
ellipse is evidently a much better fit to the inliers than the
ellipse based on a Normal data model; in particular, the ellipse
major axis is correctly aligned with respect to the inliers. I used
a Student distribution with ν = 5 degrees of freedom because
this is a widely recommended choice for robust estimation.
Ellipses fitted with different values ν ∈ {3, . . . , 10} were
similar in appearance.
The EM algorithm converged in about T = 10 steps for this
example, and in my Matlab implementation the computation
takes 3 ms, about 30 times slower than with the Normal data
model.
The posterior mean estimates of location and shape for the
data in Fig. 2 computed with the Gibbs sampling algorithm
with T = 30 and T0 = 3 gave essentially the same ellipse
as the MAP estimate computed with the EM algorithm. My
Matlab implementation of the Gibbs sampling algorithm is
about 10 times slower than EM.
The Student-fitted ellipse is better than Normal-fitted ellipse
for the astronomy data as well (Fig. 3).
IV. I NFORMATIVE PRIOR
For simplicity, in the previous sections the reception region
is estimated using the uninformative prior distribution (2) for
the ellipse parameters. The reception region estimates could
be improved by exploiting prior knowledge about reception
region features. The improvement can be expected to be most
noticeable in cases where the number of observations is small,
say, N < 10.
In reception region estimation, one usually has some prior
knowledge about the typical range of the radio signal. For
example, WiFi reception range is typically at most 90 m outdoors. In the statistical models discussed here, such knowledge
can be exploited by using a conjugate prior [1]. A convenient
prior for Q is
1
Q ∼ Wishart( I, τ )
(13)
σ

Normal

20

Student
Fig. 6. Reception regions for a set of 5 location fingerprints (filled dots)
with 1 obvious outlier. Solid lines are for uninformative prior, dashed lines
are for informative prior.

The prior’s parameters can be chosen such that τ reflects the
strength of the prior knowledge (the “equivalent” number of
observations), and σ = τ R2 , where R is a ”typical” reception
range. The uninformative prior (2) corresponds to (13) with
τ = 0 and σ → 0.
When the prior (13) is used in place of the uninformative
prior (2), the formulas presented in the previous sections need
to be modified as follows:
(1), (4–9), (12): no change
(3): Q̂ = E(Q | x1:N ) = (N + τ − 1)(S + σI)−1

(10): Q | x1:N , w1:N ∼ Wishart((S + σI)−1 , N + τ − 1)
(11): m̂ = c,

Q̂ = (N + τ − d − 1)(S + σI)−1

The only change that is needed in the EM algorithm is in
line 5, which becomes
Q̂ ← (N + τ − d − 1)(S + σI)−1
Similarly, the only change needed in the Gibbs sampler
algorithm is in line 5, which becomes
draw Q(t) from Wishart((S + σI)−1 , N + τ − 1)

Using the informative prior (13) with σ = 1000 and τ = 10
to the 30 location fingerprints in Fig. 2 has little effect, because
the number of observations is fairly large.
When only 5 observations are used, the informative prior
has a strong influence. If none of the observations are outliers,
the Normal and Student ellipses are about the same (Fig. 5),
and the informative prior helps to produce a rounder reception
ellipse when the observations are nearly collinear. If one of
the observations is an outlier, the informative prior serves to
reduce the size of the fitted ellipses (Fig. 6).

where Q is a symmetric non-negative definite matrix.
When 14 Q is nonsingular, it is the inverse of the covariance matrix of a random variable having a uniform
probability density inside the ellipse and zero outside [8].
Formulas for converting between (a, b, φ) and Q are
obtained by noting that Q has the singular value decomposition
�
� � −2
��
�
− sin φ cos φ
b
0
− sin φ cos φ
cos φ sin φ
0
a−2
cos φ sin φ
A PPENDIX II
D ERIVATION OF FORMULA (5)

V. C ONCLUDING R EMARKS
It has been shown how fitting reception region ellipses using
a Student data model is robust in the sense of insensitivity to
outliers in the location fingerprints. The ellipse parameters can
be quickly estimated using the EM algorithm. Prior knowledge
of “typical” reception ranges can be exploited to improve the
estimate when the number of observations is small.
It is expected that using this method to convert fingerprint
data into a reception region database, in combination with an
appropriate positioning algorithm, will ultimately lead to better
positioning accuracy.
In this work, the reception region is assumed to be fixed
and outliers are treated as isolated reports with unusually large
errors. In practice, large errors can also arise if the reception
region actually moves or changes, for instance because of
changes made in a mobile phone network’s cell layout. Some
preliminary work on the problem of inferring “movable”
reception regions is presented in [7]; a study of the problem
using robust fitting methods is a topic for further research.
A PPENDIX I
E LLIPSE PARAMETRISATIONS
An ellipse can be characterised by a set of five real-valued
parameters. Three possible parametrisations are:
foci and diameter: The interior of an ellipse in the plane is
the set of points x such that
�x − f � + �x − g� ≤ s
where f and g are the foci and s ≥ �f − g� is the
major diameter. When s = �f − g� the point set is a
line segment. When f = g the point set is a circular disk
with diameter s.
centre, radii and orientation: The ellipse centre is c =
1
2 (f + g), the semimajor axis length (or major radius)
is a =�12 s, the semiminor axis length (or minor radius) is
b = 12 s2 − �f − g�2 , and the orientation φ is the angle
between the x-axis and the major axis. The ellipse area
is πab and the ellipse boundary is the point set
�
�
a cos θ cos φ − b sin θ sin φ
c+
(0 ≤ θ < 2π)
a cos θ sin φ + b sin θ cos φ
quadratic form: The ellipse interior is the set of points x
such that
(x − c)� Q(x − c) ≤ 1

Denoting W = diag(w1:N ), 1N a vector of N ones, ⊗
the Kronecker product, and vec( · ) the stacking operator, the
quadratic form can be written as
N
�

n=1

wn (xn − m)� Q(xn − m)
�
��
= vec(x1:N − m1�N ) · (W ⊗ Q) · vec(x1:N − m1�N )
�
��
= vec(x1:N − m1�N ) · vec(Q(x1:N − m1�N )W)
�
�
= tr (x1:N − m1�N )� Q(x1:N − m1�N )W
= tr(Q(x1:N − m1�N )W(x1:N − m1�N )� )
� �
��
= tr Q N w̄(m − c)(m − c)� + S
= N w̄(m − c)� Q(m − c) + tr QS
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