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Abstract -- Eccentricity in a bearingless motor may occur
during different operating states of the machine. This rises
challenges in designing robust control for the machine with a
lumped parameter model, due to the cross coupling of the
windings with respect to the eccentric position of the rotor, the
saturation of the ferromagnetic material, and spatial complexity.
The non-linearity of the ferromagnetic material and the spatial
harmonics can be considered in a finite element model of the
machine, although applying it in a real time system is
unreasonable. We propose a novel method based on orthogonal
interpolation to reduce the order of the 2D finite element model
of a bearingless synchronous reluctance motor, suitable for
implementation in a real-time system. The winding currents and
the eccentricity are given as inputs to the reduced model and the
nodal values of the magnetic vector potential is obtained as the
output, wherefrom the flux linkages, torque, and forces can be
computed easily.
Φ

Index Terms--Bearingless synchronous reluctance motor,
eccentricity, finite element analysis, model order reduction,
orthogonal interpolation method.
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I.

INTRODUCTION

EARING failure is one of the major problems in
electrical machines during their operational lifetime. The
bearing failures exaggerate further, when the machines
operate at high speed or in abrasive conditions where the
bearings suffer from contamination from the surrounding.
Active magnetic bearings (AMBs) are considered as an
alternative solution to avoid the mechanical bearing failures,
especially in the high speed drives. However, using the
AMBs in both sides of the shaft increases the overall length
of the shaft, which in turn increases the flexural vibrations of
the shaft in the high speed operation [1]. Therefore, applying
the AMBs has certain limitation from the perspectives of
rotor dynamics, cost effectiveness, and compactness. The
bearingless motors have been proven as an alternative
feasible solution to the mechanical bearings [2].
The bearingless motors can be considered as an
integration of the functionality of the AMBs in a traditional
motor. Two sets of windings are typically placed in the slots
to create a flux imbalance over the airgap under different
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poles, which leads to the generation of electromagnetic
forces. One common way to do this is having an additional
winding with a one pole-pair difference with respect to the
main motor winding [3]. In this paper, the bearingless motor
under investigation has a traditional 2-pole-pair distributed
winding as the main winding for generating the torque, and a
1-pole-pair distributed winding as an additional winding, to
interact with the main winding and generate the
electromagnetic forces.
To produce the necessary torque and the electromagnetic
forces, the bearingless motor needs an active control of the
current in both windings. The electromagnetic forces are
controlled in a way that they oppose the gravitational forces
of the rotor and the shaft, thus providing the necessary
levitation for the rotating system. The bearingless motors can
be classified similarly as the traditional motors. Each
topology of bearingless motor has its own complexity of
operation. In this paper, a synchronous reluctance motor
(SynRM) is investigated for the bearingless operation [4].
The SynRM is devoid of any rotor bar or permanent
magnet, which makes it cheaper and more robust, with less
eddy current losses in the rotor, in comparison with the
induction motor and the permanent magnet motor. The torque
in a SynRM is generated by the differences of the reluctances
in the rotor due to the position of the flux barriers [5]. The
operation of a bearingless synchronous reluctance motor
(BSynRM) is also influenced by the saliency as presented in
[6], [7]. Moreover, the bearingless motor during its idle
operation rests on the safety bearing, which incurs a static
eccentricity during its startup. Nevertheless, during its normal
operation with levitation, the rotor is subjected to different
eccentricity due to the lack of ideal control and absence of
any mechanical bearing. Therefore, to calculate the flux
linkages in the different windings for the control of the
motor, the information of the displacements of the rotor are
taken into account along with the current vectors of the main
winding and the additional winding. 1-D lumped parameter
models as presented in [6], [7] can model this multi-input
complexity, but it suffers from inaccuracy especially due to
the saturation appearing from the non-linearity of the
ferromagnetic material, as well as the complexity of the rotor
design. The coupling between the main winding and
additional winding especially in the non-linear region of the
ferromagnetic material is very complex to model. There is a
lack of good models in the existing literature, which can
address this multi-input complexity for the bearingless
operation.
The finite element (FE) models take into account the
spatial harmonics and the non-linearity of the ferromagnetic
material successfully. The FE analysis of BSynRM is already

presented in [4]. However, applying the FE model in a realtime system is challenging due to the demanding
computational resources.
Model order reduction (MOR) methods are commonly
applied to reduce the complexity of a large-scale system by
maintaining the input-output characteristic of the system in
full measure. Although MOR is considerably a new concept
in the field of electrical machines, several researchers [8][11] have demonstrated the efficiency of various methods of
MOR on the order reduction of electrical machines. In [12],
the BSynRM modelled with the proper orthogonal
decomposition (POD) method has shown promising results
especially in modelling the spatial complexity. In real-time
application, however, the reduced model needs to avoid the
iterative methods, such as the Newton-Raphson iteration
scheme, to facilitate the process of computing. An alternative
solution for this is presented in [13], where the reduced
model of a traditional permanent magnet motor is built by
using orthogonal interpolation method (OIM). Here, the
terminal current of the permanent magnet motor is the only
input parameter of the reduced model. Reference [13] also
demonstrates the high efficiency of OIM in comparison with
the nonlinear FE machine model and the corresponding
reduced model based on POD coupled with discrete
empirical interpolation method (POD-DEIM).
In this paper, we propose a novel OIM model for a 2D FE
model of a bearingless motor with six input parameters, i.e.
two components of the current vector of the main winding,
two components of the current vector of the additional
winding, and two displacement components of the rotor in
the x-y plane. The OIM model performs 6-dimensional
interpolation to estimate the nodal values of the vector
potential at any given current excitations and rotor
eccentricity. To the best knowledge of the authors, there is no
reduced order model that considers the rotor eccentricity in
the existing literature. The presented OIM model can be
further used to compute easily the flux linkages in the
windings, the electromagnetic forces on the rotor, and the
torque of the BSynRM by post-processing of the OIM output
data. This model can be applied as a novel way to control a
bearingless motor in general in real-time.
II.
A.

NUMERICAL MODEL

System of equations
The single-component magnetic vector potential is often
used to solve 2D magnetic problems. The governing equation
of a static electromagnetic field problem, obtained from
Maxwell’s equation, is:
∇ × (ν∇ × A) = J
(1)
where ν is the magnetic reluctivity of the material, A the
magnetic vector potential, and J the current density in the
coils of the machine.
The implementation of the FE method to the field problem
leads to the algebraic system of equations:
(2)
Sa = f
where S is the stiffness matrix with size of n × n. n is the
number of degrees of the freedom (DoF) of the system of the

equations, which is the same as the number of nodes in the
FE mesh. a = [a1… an]T is the vector of the nodal values of
the vector potential, and f the n × 1 source vector originated
from the current density.
In nonlinear materials, the stiffness matrix depends on the
nodal values of the vector potential and thus (2) is nonlinear.
In this case, a Newton-Raphson iteration scheme is
commonly employed to solve the system of equations for a.
One can calculate the three phase flux linkages of the
stator coils, by the knowledge of the corresponding magnetic
vector potential:

ψ=

Nl
CT



Ω

ξ AdΩ ,

(3)

where N is the number of turns in the windings, l the axial
length, and CT the total cross-sectional area of one coil side
of the winding. The integration is performed along the coil.
Depending on the orientation of the coil side, ξ is defined as
1 or -1. The flux linkage in d- and q-axes can be computed
using Park’s transformation. Furthermore, the torque and the
forces are also obtained based on the Coulomb’s method
[14].
B.

Orthogonal decomposition method
The aim of the OIM is to represent the system of
equations in terms of orthogonal functions, where the system
input parameters (voltage, current, rotation angle,
eccentricity, etc.) are the variables of the functions. This
method of presenting the system reduces the order of the
system, complexity, and consequently the computational cost.
Like some other reduced models, the OIM consists of
applying the singular value decomposition (SVD) on a set of
precomputed data. The set of data is a set of samples,
collected from the system at different operating points and
stored in a matrix known as a snapshot matrix. However,
unlike other methods, the OIM is constructed based on the
right-singular vectors of the snapshot matrix.
Let us assume that As is the snapshot matrix with size of n
× m, where n and m are the number of DoFs and the number
of samples, respectively. One can compute the left-singular
vectors (columns of U), the singular values (diagonal entries
of Σ), and the right-singular vectors (columns of V) of As by
SVD as As = UΣVT. Assuming the snapshot matrix represents
the system correctly, the product UΣ remains constant for any
arbitrary values of input selected within the range of the
snapshot matrix [13]. Hence, the prediction of the system
output depends only on the right-singular vectors in V; each
column of VT corresponds to a specific operating point g
within the snapshot matrix as:
 a11  a1m 
 v11  v1m 
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In this orthogonal basis, any new input set can be
expressed as a vector sum of orthogonal vectors. The
components of this new vector (v̂ 1, v̂ 2…, v̂ m) can be
independently interpolated with the corresponding

components of the right-singular vectors as functions of the
original input quantities (voltage, current, rotor angle,
eccentricity, etc.):
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Generally, the functions can be multi-dimensional
polynomials or Fourier series, etc [13]. The nodal values of
the magnetic vector potential for this new input set is
obtained as:
T
(6)
a new = U Σ Vˆnew
.
If the number of snapshots is less than the DoF (m << n),
the OIM reduces the size of the problem and the
computational complexity of (2) significantly. An additional
reduction is obtained due to the SVD properties; the first r (r
<< m << n) singular values have the highest energy of the
system and the remaining singular values have values very
close to zero [15]. Thus, the order of the problem drops to r
by selecting only r columns of V that correspond to the first r
singular values.
III. APPLICATION TO BSYNRM
A.

Topology
The OIM method is applied to a BSynRM FE model to
study the eccentricity effects on the produced flux linkages of
the machine. The motor parameters are presented in Table I.
TABLE I
PARAMETERS OF THE SYNCHRONOUS RELUCTANCE MACHINE
Parameter

Value Unite

Power

4,5 kW

Voltage

180 V

Current

16 A

Power factor

0,56

Frequency

50 Hz

Connection

Star

Number of pole pairs, main winding

2

Number of pole pairs, additional winding

1

Stator outer diameter

235 mm

Stator inner diameter

145 mm

Air gap

1 mm

Number of slots

36

Parallel branches

1

An in-house finite element software FCSMEK has been
used for the numerical computations. The mesh and the flux
density of the motor at rated load and levitation operation are
presented in Fig. 1. First order mesh elements are used for the
FE computations. The generated number of elements and
nodes are 7480 and 4375, respectively.
The windings are supplied in a way that the 4-pole flux
and the 2-pole flux are acting in the same direction in the
positive y-axis and opposing each other in negative y-axis as

shown in Fig. 1. Consequently, the Maxwell stress tensor is
higher in the positive y-direction and generating the
electromagnetic forces in the positive y-direction. Controlling
this force will provide the necessary levitation force for the
rotor and the shaft. It can be also seen from Fig. 1 that there
is certain unequal distribution of flux density along the xaxis. This unequal distribution cases a force known as the
disturbance force in a bearingless motor operation. The goal
of the control system is to control the additional winding
current in such a way that the disturbance force is always
minimum, and the levitation force is always maximum for a
given current amplitude.

y
x
(a)

(b)

Fig. 1. (a) The first order mesh of the prototype with two windings, the
additional winding can be seen in the bottom of the slots, (b) the magnetic
flux density of the motor during the rated load and levitation force
production state. Unequal flux density distribution between upper and lower
parts of the airgap can be noticed.

B.

Modeling eccentricity
When the rotor center is displaced from the stator center
point, there is an unequal distribution of the airgap as shown
in Fig. 2. If the unequal distribution of airgap remains fixed
with respect to the rotation of the rotor, the effect is known as
static eccentricity [16]. In this paper, we focus on stationary
computation of the motor, so only the static eccentricity has
been modelled to understand the system.

Fig. 2. The rotor center is displaced x units in the negative x-axis and y
units in positive y-axis from the stator center, as a result the electromagnetic
force has been produced towards the shortest airgap.

Now it is worth to remember that the eccentricity
harmonics have also the ±1 pole pair difference with respect
to the supplied winding. This means that the eccentric
harmonic caused by the main winding has also a 1-pole pair
flux density harmonic [16]. Therefore, the flux density
distribution is widely affected by the eccentricity and thus its
impact on the levitation force production is quite significant.
Fig. 3 presents the flux density of the motor at two different

eccentric conditions.
It can be clearly seen from Fig. 3 that even at the rated
current in the main and additional windings, the flux density
distribution has changed from what is presented in Fig. 1. In
Fig. 3(a), the rotor is displaced by 0.7 mm towards the
positive x direction from the stator center. In this case, the
dominant electromagnetic force is in x direction, which
generates big disturbance forces. Therefore, to control the
rotor at constant levitation, the understanding of the mutual
coupling of the windings with the eccentricity is essential. In
Fig. 3(b), the rotor is displaced towards the negative y
direction from the stator center. This condition is quite
common when the rotor rests on the safety bearing as
mentioned before. Here, despite having rated additional
winding current, the maximum force is produced in the
negative y direction. Indeed, to produce the levitating
electromagnetic force, much higher current than the rated
current is needed in the additional winding.

therefore the parameters are presented in the d-q coordinate
system. One can indeed construct the reduced model in the
stator reference frame by transferring the parameters to the
stator reference frame and adding the angle of the rotor as the
seventh parameter.
After solving the FE model of the motor with all the
possible combinations of the input parameters (32 × 5 × 33 =
1215), the solutions are stored in the snapshot matrix As with
size of 4375 × 1215 in the following format, and thereafter
VT is calculated via SVD:
d x1 , d y1 ,  d x 2 , d y1 ,  d x3 , d y3
imd1 , imq1 ,  imd1 , imq1 ,  imd5 , imq5
isd1 , isq1  isd1 , isq1  isd3 , isq3
↓
↓
↓

 a1,1
As =  
a

a
= 
a


n ,1

1,1

VT

m ,1

y
x

(a)

(b)

Fig. 3. Magnetic flux density distribution of the motor at rated current in
main and additional winding when the rotor is (a) eccentric in positive xdirection, (b) eccentric in negative y-direction.
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4375×1215

.
2025×1215

The snapshot matrix has 1215 right-singular vectors,
which means that we require 1215 functions to define the
system of equations. Nevertheless, the first 17 singular values
capture about 98 % energy of the system [9]. Therefore, the
first 17 right-singular vectors are sufficient to describe the
system of equations, i.e. the order of (2) drops from 4375 to
17 (r = 17). To obtain the functions from the right-singular
vectors, a piecewise linear interpolation is performed on each
column of V.
D.

C.

OIM model based on six input parameters
In this paper, we apply an OIM model based on 6 input
parameters to reduce the order of the BSynRM model. The
snapshot matrix, built for the order reduction, has the
following input parameters:
a. 3 values for the spaced displacement of the rotor
from the stator center in x-axis of the motor: dx =
[-0.2, 0, 0.2] mm.
b. 3 values for the spaced displacement of the rotor
from the stator center in y-axis of the motor: dy =
[-0.2, 0, 0.2] mm.
c. 5 values for the d components of the main winding:
imd = [0, 5, 10, 15, 20].
d. 3 values for the q components of the main winding:
imq = [0, 5, 10].
e. 3 values for the d components of the additional
winding: isd = [-2, 0, 2].
f. 3 values for the q components of the additional
winding: isq = [-2, 0, 2].
These parameters are selected in such a way that the
snapshot matrix covers the nonlinear operating region and
therefore the material non-linearity is considered in the OIM
model as well. It is also worth mentioning that in this paper,
we build the reduced model in the rotor reference frame and

Results
The accuracy of the proposed reduced model is evaluated
in terms of the nodal values of the magnetic vector potential.
The FE model and the reduced model are solved for 100
different operating points. These operating points are
randomly selected from the interval of the input parameters,
within the snapshot range. Fig. 4 presents the percentage of
the relative errors for these 100 operating points.

Fig. 4. Percentage of relative error between the nodal vales of the magnetic
vector potentials obtained by FE method and OIM at different operating
points.

Depending on the operating point, the relative error
changes from 0.8 % to 10 %. The relative error for an
operating point in percentage is defined as:
ε =

a FEM − a OIM
a FEM

(8)

.

where aFEM and aOIM are of the nodal values of the magnetic
vector potentials obtained from FE method and OIM,
respectively.
Furthermore, the consistency and accuracy of the OIM
model is examined by varying one input parameter and
keeping the other five input parameters constant. In the first
case, the five constant parameters are: imd = 15 A, imq = 7 A,
isd = 2 A, isq = 0 A, dy = 0.18 mm; and dx varies from -0.2 mm
to 0.2 mm. The flux linkage components of the main and the
additional windings, computed from FE model, are presented
in Fig. 5(a). Fig. 5(b) shows the relative error percentage
between these flux linkages and the ones resulting from the
OIM.
In the second case, dy varies from -0.2 mm to 0.2 mm, dx
= 0.18 mm, and the rest of the parameters are kept the same
as in the first case. The results of this case are shown in Fig.
6. The FE flux linkages match well with the results of OIM.
Moreover, the relative errors can be reduced to zero
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q-axis, main winding
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d-axis, additional winding
q-axis, additional winding

d-axis, additional winding
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0.05

0.05

10

d-axis, main winding
q-axis, main winding

0.15

0.15

0
-0.2

by coupling the OIM method with the DEIM or applying
Newton-Raphson iteration on the OIM results. However, we
want to avoid the iterative methods to build a more efficient
model in terms of computation time, which can be employed
in the real-time system.
In addition, we compare the levitation force of the
BSynRM as presented in Fig. 7, which is the electromagnetic
force in the y-direction in this geometry. Fig. 7(a) shows the
FE model levitation force varying as a function of the rotor
displacement along the x- and y- axes from -0.1 mm to 0.1
mm. Fig. 7(b) shows the relative error percentage of the
levitation force at each point calculated from FE method and
OIM method. The current components are kept same as in the
previous cases. The highest error, about 3 %, occurs at dx and
dy equal to -0.1 mm.
In terms of computational time, the OIM reduces the
computational time significantly. The average computational
time of FE method is about 600 ms. The computational time
drops to 0.4 ms by using the OIM. This time does not include
the required time for computing the snapshot matrix or the
construction of the reduced model. However, it should be
noted that the process of making the snapshot matrix and
building the reduced model is performed in advance; once the
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Fig. 5. (a) Flux linkage components, obtained by FE method with respect to
the rotor displacement in x-axis; (b) relative error percentage of flux
linkages in main and additional windings, calculated from FE method and
OIM.

0
-0.2

-0.1

0
0.1
Displacement in y-axis (mm)
(b)

0.2

Fig. 6. (a) Flux linkage components, obtained by FE method with respect to
the rotor displacement in y-axis; (b) relative error percentage of flux
linkages in main and additional windings, calculated from FE method and
OIM.

reduced model is built, it is an efficient substitute for the FE
model, especially in applications such as real-time control in
which efficiency in the computational time is crucial.

900
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computational time. The OIM significantly reduces the
computational time, and the flux linkages and the
electromagnetic forces obtained from the OIM model match
the FE model results with minor variations. These minor
variations, however, are constant within the snapshot interval
and we will address these variations by introducing a suitable
coefficient in the future work. Assuming the FE model
presents the bearingless motor accurately, the corresponding
reduced model will be suitable for implementing in the realtime control of the motor.
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Fig. 7. (a) The electromagnetic force in y direction computed as a function
of the displacement of the rotor in x- and y-axes using FE method, (b) the
relative error percentage of forces, calculated from FE method and OIM
method.
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IV. CONCLUSION
In this paper, we present a novel OIM model of a
bearingless motor with six input parameters. These input
parameters are the d- and q-axis currents of the main
winding, the d- and q-axis currents of the additional winding,
and the x- and y-axis displacements of the rotor. The OIM
model performs a piecewise linear interpolation to estimate
the vector potential at any given current excitations and rotor
eccentricity. The flux linkages in the windings and the
electromagnetic forces on the rotor are computed by postprocessing of the OIM output data.
We examine the proposed method on a BSynRM,
however, the method can be used for any other synchronous
machine in which the effect of eddy current is negligible. For
validation purposes, we compare the OIM model with the FE
model, in terms of the vector potential, the flux linkages, the
produced electromagnetic forces of the motor, and the
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