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Abstract

The stochastic discrete time filter also known as the Bayesian or optimal filter has a wide
range of applications in modern technology. In general, the filter recursion is intractable
and therefore in practice, it has to be approximated by some numerical method. Typically,
the accuracy of the approximation can be increased only by allowing the evaluation of the
approximation to become computationally more expensive. Moreover, in some applications
the filter is run for an indefinite time. In such a case it is desired that with a fixed com-
putational cost the error of the approximation is guaranteed to remain below some level
and that this level can be made as small as desired by letting the computational cost of the
approximating algorithm increase. If this can be done, then the approximation is said to be
uniformly convergent.

It has been pointed out by several authors that the ability to approximate the filter in
a uniformly convergent manner is closely related to the stability of the exact filter with
respect to its initial conditions. This relation is manifested in the literature by results stating
that under some assumptions a stable filter admits uniformly convergent approximations.
This thesis addresses both of the above mentioned problems, the stability of the discrete
time filter with respect to its initial conditions and the uniform convergence of certain filter

approximations.

The main result regarding the stability establishes easily verifiable sufficient conditions
for the filter stability. The stability in this case means that the total variation distance
between two filters with different initial distributions converges to zero almost surely. Also
rates for the convergence are provided by the analysis. Similarly, the main result regarding
the uniform convergence establishes sufficient conditions for the uniform convergence of
certain filter approximation algorithms. The uniform convergence is proved in the mean
sense, not almost surely. Although the stability of the filter is not shown to be one of the
sufficient conditions for the uniform convergence, it is shown that similar conditions are

sufficient for both, the stability and the uniform convergence.



ii ABSTRACT

Perhaps the most important conclusion of the stability theorem is that under some as-
sumptions the filter is shown to be stable provided that the tails of the observation noise
distributions are sufficiently light compared to the tails of the signal noise distributions. In
particular, the signal is not required to be ergodic or mixing and the state space is not re-
quired to be compact. Moreover, it is not assumed in general that the observation noise
enters the filter framework with a sufficiently small coefficient. This is assumed only if the
observation noise and the signal noise distributions have equally light tails.

The uniform convergence is proved for a general class of filter approximation methods
and in particular, it is shown that the conditions are satisfied by a certain auxiliary particle
filter type algorithm and by a certain sampling/importance resampling filter type sequential
Monte Carlo algorithm. These algorithms are assumed to employ either the multinomial
resampling scheme or the tree based branching algorithm. The uniform convergence is
obtained with respect to the sample size but because the computational cost of these filter
approximation algorithms is determined by the sample size, the convergence is also uniform
with respect to the computational cost. Moreover, the uniform convergence results are

illustrated by some computer simulations.
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Chapter 1

Introduction

Let S be a locally compact, second countable topological space and . the associated Borel o -
field. It is assumed that there is a probability measure P, on & and transition probabilities
K;:Sx & — [0,1], i € N, such that for all x € S, K;(x, -) is a probability measure on &
and for all A€ &, K;(-,A) is measurable. We consider the product space

(Qx, Fx) = (1‘[&-, ®3;) :
i=0 i=0

where (S;, %) = (S, &), i > 0. Let Py denote the unique probability measure on the product
o-field Zy satisfying

PX(A)zf f f Ky (xq-1,dx,) -+ Kq(x0,dx1)Po(dxg)
Ay JA, A,

for all rectangles A= l_[fioAi, such thatA; € &, 1> 0, and A; =S, i > n € N. The existence
and uniqueness of this probability measure is an elementary result for which the proof can
be found e.g. in [53, Corollary 2, page 165]. Thus we have constructed a probability space
(2, Fx, Px).

Define X = (X;)iso = (X0, X1,...), where X; : Q¢ — S, i € Z, = NU {0} is the projection
of Q to the ith coordinate space, i.e., for all w = (w;,w,,...) € Qx, one has X;(w) =
w;. The resulting stochastic process X is called the signal process. It is observed that X is
Markovian and for allA € & and i > 0

PX; €Al X;_1) = Ki(X;_1,A),
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for which the proof can be found, e.g. in [53, Proposition V.2.1.].

We also consider another probability space (Qy,Zy,Py) such that Q, = R®, &, =
B(R™), and P, = ]—[zl Py,. Above, %(R*) denotes the Borel field in R* =R xR X ---
generated by the Euclidean topology and Py, i > 0 is a probability measure on the Borel
field 8 (R%) in R%, where d, € N. For the existence and uniqueness of P, see e.g. [53,
Proposition V1.2.]. We define a stochastic process Y = (Y;);»o = (Y3, Ys,...) such that for
alli>0

Y, = h(X)+V, (1.D

where h; : S — R% is measurable and V; : ©, — R is the projection of €, to the ith
coordinate space R%. The processes Y and V = (V),., are referred to as the observation
process and the observation noise process, respectively.
Let (Q, %, P) be a third probability space which for the moment is left unspecified. De-
fine
(Q,F,P)2(Q xQ xQ, Fy @ Fy @ F, Py x Py x P).

Throughout the remainder of this work, the signal process X, the observation process Y and
the observation noise process V defined above are interpreted as their natural extensions
on the product space Q2 without separate notation. For example, the natural extension
XF:Qy xQy xQ — Sof X; : Q — S is defined for all w = (wyx, wy,d) € U X Qy x
as X[(w) = X;(wy). Foralli € Z,, we let % C & denote the o-field generated by the
observations Y;,Y,,...,Y; and in particular, %, = {0,Q}. Because S and R% are complete

and separable, there exists for all i € Z, a regular conditional distribution r; such that

fsodni=E[so(xi)|@i],

for all bounded and measurable functions ¢ : S — R. For the proof, see e.g. [64, Theorem
3, page 224 and Corollary, page 228]. The conditional distribution 7; is referred to as the
filtering distribution and the sequence 7 = (71;);> is referred to as the filter process or more
shortly the filter.

In practice, the filtering problem arises when there is an unknown quantity which is to be
estimated based on a set of observations that are obtained through some noisy observation
procedure. Classical examples of such applications are for instance the tracking of aircraft
using radar observations or the positioning of mobile devices using the Global Positioning
System. In this case, the unknown quantity is modelled by a stochastic process X and the

observations corrupted by a random noise are modelled by a stochastic process Y. Both of



these processes are assumed to be of the form defined above. Because of the interpretation
that mt; is the conditional distribution of an unobserved random variable X; given the set of
observations Y,Y,...,Y;, the filter 7t is also known as the Bayesian filter and 7t; is called the
Bayesian posterior distribution. Roughly speaking, 7; can be considered as a representation
of all the knowledge of X; given the information provided by the observations Y;,Y,,...,Y;.
It should be noted that in practice, one is typically not interested in 7; itself but some point
estimates of X; or some other statistics. Such quantities can be computed or approximated
once the distribution ; is available and therefore we find ourselves ultimately interested in
computing the filtering distribution ;.
According to the definition, X is Markovian and therefore the filter process m has a
recursive representation
;= Q; (1), Ty =Py (1.2)

where the random mapping Q; will be specified later in Section 2.1. From the practical point
of view, the recursive formulation is appealing, because in order to compute 7;, only Y; and
7;_; need to be stored into the memory of the computer instead of the whole observation
sequence Y;,Y,,...,Y;, which would inevitably lead to unbounded memory consumption.
In general, however, there is no guarantee that 7;_; can be stored in finite memory or that
the mapping Q; can be evaluated. Therefore in practice, Q; is approximated by Q? such
that the evaluation of Ql.e is tractable and the outcome can be stored in a finite memory.
Here 6 € (0,00) is a parameter of the approximation such that a larger value of 6 implies
more accurate approximation but also in practice a higher computational cost of evaluating
the approximation. This approximation can be deterministic in the sense that a certain
realisation of the observations Y;,Ys,...,Y; always produces the same outcome, or it can be
random. In order to incorporate this randomness into the analysis, the probability space
(€, Z,P) was introduced earlier. Similarly, it is observed that the randomness of the signal
is represented by the probability space (2y, Zx, Px) and the randomness of the observation
noise is represented by the probability space (Qy, Zy, Py ).

Obviously, the approximate mapping Qf must satisfy some criteria before it can be pro-
posed to be used for approximating the intractable filter recursion, or before it can even be
justly said to produce an approximation of the filter. One justification is to show that for all
i>0,

Jim d (QioQisio-0Q(mp), Q¥ 0QY j0---0Q)(m)) =0,  P-as. (1.3)

where d is a distance defined for probability measures. If d is finite, then according to the
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dominated convergence theorem, (1.3) also implies the convergence in the mean sense, i.e.
lim E[d(QioQiy 0 0Qi(mo), @ 0QL, o+ 0Q](mg)) ] = 0.

In this case, the approximation is said to converge. From the practical point of view the
convergence implies that on a finite time interval, the error of the approximation can be
made as small as desired by letting the computational cost of evaluating the approximation
increase.

In many cases, the filter will be run for an indefinite time and therefore a stronger form

of convergence, namely uniform convergence, is desired. By this we mean that

Jim supd (QioQizio--0Qi(mg), Q) 0Q) 0---0Q)(my)) =0,  P-as,
and the uniform convergence in the mean sense is defined analogously. The practical in-
terpretation of the uniform convergence is that the error of the approximation with a fixed
computational cost is guaranteed to remain below some level and that this level can be
made as small as desired by letting the computational cost of evaluating the approximation
increase.

It has been observed by several authors that the ability to approximate the filter in a
uniformly convergent manner is closely related to the stability properties of the exact filter
with respect to its initial conditions. This relation is manifested by results stating that under
some conditions a stable filter admits uniformly convergent approximations. Therefore the
stability of the filter plays an important role in the analysis of the uniform convergence of
various filter approximation methods. The filter is said to be stable if for all probability
measures 7, defined on & one has

ililg)d (QioQi_y0---0Qy(my), Q;oQ;_10:--0Q1(7y)) =0, P-as.

There is also another motivation for the study of stability. In some applications, it may be
the case that the signal is modelled relatively accurately by the transition probabilities K;
but the initial distribution 7, of the signal is unknown and therefore an erroneous initial
distribution 7t is used instead. In the case of a stable filter, the effect of the incorrect initial-
isation will eventually disappear and therefore the filter with incorrect initial distribution is
guaranteed to perform well in the long run. Considerations regarding the modelling errors
are of course not restricted to the choice of initial distribution. In practice, one also makes
errors when specifying the transition probabilities K;, measurement functions h;, and the
measurement noise distributions. Such considerations are, however, left beyond the scope
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of this thesis.
In this thesis, the focus will be on the stability of the discrete time filter with respect to its
initial conditions and on the uniform convergence of certain filter approximation methods.

1.1 Literature review

The theory of the discrete time filter and its numerical approximations is inherently related
to probability theory, which is a combination of real analysis and measure theory. Many
elementary results and details regarding these branches of mathematics have been excluded
from this work but they can be found e.g. in [7, 61, 29, 43, 33] regarding real analysis and
measure theory and in [64, 53, 57, 9, 69] regarding general probability theory. Certainly
other excellent references exist as well but the ones listed above in particular have been
found useful by the author in the course of writing this thesis. Let us then review in more
detail the existing literature regarding filter stability and the uniform convergence of filter
approximations and point out the references that are most relevant to this work.

Although the computation of 7 in general is intractable, there are cases for which 7
can be computed exactly. Perhaps the best-known example of such a situation is the linear-
Gaussian case, where X, is assumed to be a normally distributed random variable with a
known mean and a known covariance, and for all i > 0, X; and Y; are assumed to be linear
functions of X;_; and X;, respectively, with additive Gaussian noise with a known mean and
a known covariance. In this case, 7;, i > 0 can be shown to be a normal distribution with
a mean and a covariance that can be computed exactly using the well known Kalman filter
recursion [see e.g. 40, 2, 38, 49, 41]. Because of the tractability of the linear-Gaussian
case the first filter approximation methods were based on linearisation such as the extended
Kalman filter (EKF) [see e.g., 2] or linearisation and the use of Gaussian mixtures [1]. As
a result of the increased computational power of computers a novel approach to filter ap-
proximation was introduced in [32] by Gordon, Salmond, and Smith. This method was
called the bootstrap filter as it was essentially an application of the weighted bootstrap prin-
ciple described in [65]. Earlier, the weighted bootstrap principle was referred to as the
sampling /importance resampling (SIR) algorithm in [62] and therefore the bootstrap filter
has also become known as the SIR filter [see e.g., 13, 58].

Ever since the introduction of the bootstrap filter, several improvements have been pro-
posed regarding the choice of the sampling or the importance distributions [68, 28], the
resampling scheme [15, 42, 48, 13], or some more innovative improvements such as the
addition of Markov chain Monte Carlo (MCMC) steps [8], bridging density approach [31]
or application of kernel density estimation methods [52, 37]. More comprehensive reviews
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on the existing methods can be found in [59, 27, 3]. Because the methods mentioned
above are all based on the simulation of random variables, the methods have become com-
monly known as sequential Monte Carlo (SMC) methods. The Monte Carlo method itself is
a random variable simulation based method for approximating integrals and dates back to
1940’s. The theory of the Monte Carlo method is extensive and more details can be found
e.g.in [34, 60, 63, 51, 30].

The application of the Monte Carlo method, the weighted bootstrap, or the SIR algo-
rithm represents a statistical approach to the filter approximation problem. Another ap-
proach, based on a more stochastic point of view was developed simultaneously in [19]
which is also one of the earliest contributions regarding the convergence of SMC methods.
In [19], an algorithm called the interacting particle filter (IPF) was introduced and it was
shown to be convergent. The IPF algorithm was essentially the bootstrap filter, but the termi-
nology originates from the interpretation that the random samples are regarded as particles
that evolve in the state space according to some stochastic dynamics and the term interacting
refers to the fact that the particles are not independent of each other. Later, the convergence
results were extended to cover more general classes of filter approximation algorithms by
allowing various branching schemes to be employed by the approximating algorithm [see
e.g., 20, 18]. In [16, 17], the convergence results are further extended to more general
and practical class of SIR filters. Although historically the term particle has been used when
referring to a realisation of a random variable taking values in the state space, in principle,
particles can be endowed with a much more elaborate structure. For instance, they can be
defined as normal distributions in the state space. In [15], this possibility for generalisation
has been retained in the convergence analysis, and not only sufficient but also necessary
conditions for the convergence of a particle filter are given without making any assumptions
on the structure of the particles.

Compared to the results on the convergence of filter approximations, the results on the
uniform convergence are naturally more scarce and restricted. As mentioned in the pre-
vious section, there is a close relation between the ability to approximate the filter in a
uniformly convergent manner and the stability of the filter with respect to its initial con-
ditions. One of the earliest contributions regarding the uniform convergence of particle
filter approximations is [20] which introduced a finite memory length Monte Carlo particle
filter and proved that the approximation is uniformly convergent if the filter itself is stable.
Later the connection between the stability and the uniform convergence has been studied
e.g.in [22, 47, 56].

In the case of linear filters, i.e. the linear-Gaussian model in discrete time, the analysis of
the filter stability is reduced to considering the stability of the difference equations describ-

ing the behaviour of the mean and the covariance process of the filter. For these processes
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it is known that the stability is equivalent to the complete stabilisability and detectability
of the signal and observation model. See e.g., [2, pages 76-82] for the discrete time case
and [46, Theorem 4.11] and [54] for the continuous time case. For the nonlinear filter,
the mean and the covariance are not sufficient for characterising the filtering distribution
entirely and therefore similar approaches cannot be applied.

In [66], the stability of the filter for linear-Gaussian model with non-Gaussian initial
distribution has been considered in the sense that the error between the mean of the exact
filtering distribution and the estimate given by the Kalman recurrence vanishes as time goes
to infinity. Similar result for the continuous time case is given in [54]. Also the stability of
a more general class of nonlinear continuous time filters is studied in [54] by Ocone and
Pardoux and it is shown that if the signal process satisfies certain ergodicity assumptions,
then the filter is stable. The theory in [54] is developed on the results by Stettner [67] and
Kunita [44] who have studied the possibility to lift the ergodicity properties of the signal to
the filter process. However, a gap in the proof of one of the key results in [44] has been
discovered recently, as pointed out in [10] and some of the results in [54] and [67] are
affected by the gap as well. This problem remains unsolved, but it has been pointed out
in [10] that a solution to the problem would imply a number of desired properties for the
filter process, including stability.

The problems in the analysis of the filter stability are mainly due to the nonlinearity of
Q; which follows from the normalisation incorporated in Q; (see Section 2.1 for details).
A distance defined for finite measures known as the Hilbert metric is scaling invariant and
thus the problems arising from the normalisation can be avoided with the Hilbert metric.
Moreover, it is known that the Hilbert metric can be used for bounding the total variation
distance between two measures from above and therefore it provides a powerful tool for the
stability analysis [see e.g., 47]. Atar and Zeitouni [5] use the Hilbert metric to prove the
filter stability under various conditions. Most notably, the signal is assumed to be ergodic
and in addition mixing or to take values in a compact state space. It should be noted that
also the mixing condition can usually be shown to hold only for signals taking values in
a compact state space. More details on the mixing condition can be found e.g. in [47]
where the mixing condition on the signal kernel is replaced by the mixing condition on the
unnormalised filter process kernel which is a slightly weaker but nevertheless rather strong
condition. Also the method in [47] uses the Hilbert metric. A downside of the Hilbert metric
is that it is typically applicable only for compact state spaces. For this reason the references
above appear to require either a compact state space explicitly or some mixing conditions
that usually hold only for compact state spaces.

Another approach to study the filter stability without using the Hilbert metric was devel-
oped by Del Moral, Guionnet and Miclo in [22] and [23, Ch. 2] (see also [21, Ch. 4]). This
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method was based on the use of the Dobrushin ergodic coefficient [25, 26] and by using this
approach the stability of filter with exponential convergence rate was proved in [22, 23, 21].
Nevertheless, the signal was assumed to satisfy some mixing type conditions. It should be
pointed out that the method of the Dobrushin ergodic coefficient described in [22] forms
also the basis for the analysis in this work.

In addition to pioneering the use of the Hilbert metric, it was also shown in [5] that in
the case of a bounded one dimensional state space the convergence rate can be increased
without bound by letting the observation noise go to zero. This is one of the first results
explicitly stating a relation between the filter stability and the accuracy of the observations.
This relation was again pointed out in [4], where the filtering of a one dimensional ergodic
diffusion in a noncompact state space was considered. It was shown that the filter is sta-
ble, provided that the observation noise is sufficiently small. It was also shown that the
convergence rate can be increased without a bound by letting the observation noise go to
zero.

All the stability results mentioned above assumed that the signal itself is well-behaved,
e.g. ergodic or mixing. One of the first contributions regarding the nonergodic case is [11]
where the Hilbert metric was used for proving the exponential stability of the filter in the
case of possibly nonergodic signal. Because of the use of the Hilbert metric, the observa-
tion noise was assumed to be bounded which ensures a compact support for the filtering
distribution and therefore the Hilbert metric is applicable. Also the boundedness of the ob-
servation noise can be interpreted as a requirement for sufficiently accurate observations.
In [12], a method which had earlier appeared in [5] and [4] was used for relaxing the
assumption about the boundedness of the observation noise. This method was based on
bounding the total variation distance between measures by using the exterior product of the
unnormalised densities. The filter was shown to be exponentially stable provided that the
observation noise is sufficiently small. More recently, the stability in the case of nonergodic
signal has been studied also in [56] where the method of the Dobrushin ergodic coefficient
is further developed and it is shown that the stability of the filter for nonergodic signal does
not necessarily require the observation noise to be small as long as it is sufficiently light
tailed compared to the signal noise. In this work, we further extend the results reported
in [56].

Of all the references mentioned above, the uniform convergence of filter approximations
is addressed only in [20], [23], [22], [21, Ch. 7], [47] and [56]. In [20], [23], [22], [21]
and [47] the stability of the filter with some additional assumptions imposed on the ap-
proximating algorithm has been shown to imply the uniform convergence. In [56], the
stability and the uniform convergence have been studied separately but it is shown that sim-

ilar conditions on the filter framework appear to imply both the stability and the uniform
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convergence. Moreover, the uniform convergence of particle filter approximations has also

been proved in [45] in the case of a mixing signal.

1.2 Contributions and organisation

This work is based on the method of the Dobrushin ergodic coefficient described in [22]
and it can be regarded as an extension and a refinement of the results reported in [56]. The
main contributions regarding the filter stability are due to the fact that to a large extent
the analysis of the stability in this work is done in the almost sure sense and therefore it is
substantially different from the approach described in [56]. Several benefits are obtained
from this approach:

e The extension of the stability theorem to more general signal and observation noise
distributions is straightforward because almost sure bounds for the signal and obser-
vation noise terms are easily obtained in the almost sure sense (see Proposition 2.10).

e The analysis provides convergence rates directly in the almost sure sense which im-

plies the convergence in the mean sense by the dominated convergence theorem.

e The stability analysis is similarly based on the filter approximation by truncation as
in [56] but in addition, almost sure nonuniform bounds for the error of the truncated
filter approximation are obtained. This implies the almost sure convergence of the

truncated filter approximation. Also rates for the convergence are obtained.

e The stability result in [56] holds only for filters whose initial distribution is compa-
rable to the exact initial distribution in the sense of the Hilbert metric. This rather

restrictive assumption is avoided by the approach used here.

Also in the analysis of the uniform convergence, there are many similarities between
this work and [56]. The main contributions regarding the uniform convergence are the
following:

e The uniform convergence of a certain rejection method based SMC algorithm has been
proved in [56]. The convergence is proved with respect to the number of accepted
samples which does not represent the computational cost of the approximation. In
fact, the possibility that the average number of the rejected samples, and consequently
the computational cost, increases over time has not been addressed. Therefore to
some extent the uniform convergence with respect to the computational cost has not
been proved. In this work, the uniform convergence is proved for a general class
of filter approximation algorithms, including a SIR filter type algorithm. For this
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algorithm, the computational cost is determined by the sample size and therefore the
uniform convergence is obtained with respect to the computational cost.

The conditions for the approximating algorithm are given in a general form. Because
of this generality, the uniform convergence can be proved straightforwardly for several
different filter approximation methods. Examples of such approximation algorithms
are the above mentioned SIR filter type algorithms with different resampling schemes
or certain rejection method based approximations. Note that in the case of the re-
jection method, the uniform convergence can only be obtained with respect to the

expected computational cost.

The remainder of this work is organised as follows.

Chapter 2: This chapter is focused on the filter stability. Moreover, it includes some back-

ground and preliminaries that are needed also in Chapter 3. Section 2.1 defines and
proves the well known recursive formulation of the discrete time filter which provides
the basis for the analysis of both the stability and the uniform convergence. Sec-
tion 2.2 defines the elementary concepts of random probability measures and various
forms of their convergence. These definitions are needed in order to specify rigorously
what is meant by the stability and the uniform convergence. Section 2.3 introduces
the method of approximating the filter by truncating the support of the filtering dis-
tribution. Moreover, the section includes a discussion about the principles of how the
truncated approximation can be applied to proving the stability. In Section 2.4, the
filter framework under consideration is specified in detail by stating a list of assump-
tions about the signal process and the observation process. The chapter is concluded
in Section 2.5 which states the main stability result and a corollary which establishes

convergence rates for the stability.

Chapter 3: This chapter is focused on the uniform convergence of filter approximations.

Section 3.1 includes some preliminary results accompanied by a theorem which es-
tablishes easily verifiable sufficient conditions for the uniform convergence of the
truncated filter with respect to the truncation radius. Section 3.2 specifies the set
of approximating algorithms under consideration by imposing some general condi-
tions on the approximating algorithms. Also, the section states the main result on the
uniform convergence as well as a practical corollary which establishes the uniform
convergence of certain point estimates. In Section 3.3 the set of uniformly conver-
gent filter approximations is exemplified by introducing a feasible SIR filter type algo-
rithm which is shown to satisfy the conditions for uniform convergence. The chapter

is concluded in Section 3.4 by illustrating the uniform convergence results by some
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computer simulations.

Chapter 4: This chapter concludes the thesis with some remarks and conclusions regarding
the results. A discussion about the stability and the uniform convergence results are
provided in Section 4.1 and Section 4.2, respectively. Section 4.3 points out some

topics for future research.

1.3 Notations

Although this work follows the typical notational conventions used in the related literature,
some of the notations may not be entirely self-explanatory, in particular, to a reader who
is unfamiliar with the topic. Therefore this section explains some of the general notations
used throughout the remainder of this work.

The symbols R, R, N, Z, and Q are used for denoting the sets of real numbers, non-
negative real numbers, natural numbers, nonnegative integers and rational numbers, respec-
tively. The space R" is assumed to be endowed with the topology induced by the Euclidean
norm which is denoted by || - ||. The measurability of functions taking values in some subset
of R" is always considered in terms of the Borel field in the given subset of R". The Borel
field in R" is denoted by %(R").

The set of continuous and bounded functions ¢ : S — R is denoted by C,(S) and the
subset of Cy(S) consisting of the compactly supported functions is denoted by C.(S). These

spaces are endowed with the topology induced by the supremum norm
le]l.. = supl ()]
X€S

The set of probability measures and finite measures on an arbitrary o-field % are de-
noted by Mp() and Mp(&), respectively. The set of bounded and measurable mappings
¢ : S — R is denoted by B(”). For all ¢ € B(#) and for all measures y on ¥ we define

u(w)éfwdu

When confusion will not arise, the parentheses can be omitted. If, in particular, p = 1,
where 1, denotes the indicator function of a set A € &, then the shorthand notation u(A) =
w(1,) is used. The Lebesgue measure on %B(R") is denoted by A, and for all A, -integrable
functions ¢, the conventional notation f p(x)dx = f @ dA, is used.

Suppose that K : S x % — [0, 1] is a transition probability. Then, for all ¢ € B() we
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define the function K(¢) : S — R in B(%”) such that

K(p)(x) = f @(y)K(x,dy),

for all x € S. Moreover, for all u € Mp(&), we define a probability measure uK € Mp(&)
such that

uK(p)= ff @(¥)K(x,dy) u(dx), (1.4)

for all ¢ € B(). Accordingly, for multiple transition probabilities K;,K,,...,K;, the meas-
ure uK;K, - - - K; satisfies

MKIKZ"'Ki((p):JJ"'f(p(xi)Ki(xi—l:dxi)"'Kz(xl:de)Kl(XO’dxl);u(dxo)’

for all ¢ € B(¥).
Let v € Mp(%) be arbitrary. For all nonnegative v € B(%) and for all u € Mp(.%), we
define a probability measure 1 - u € Mp(&) such that

ppe)
if u(y) >0
(- w)p)=1{ HP)
v(p) otherwise ,

for all ¢ € B(¥).

For any set A of random variables defined in €2, the notation o (A) is used for denoting
the o-field generated by the random variables in A.

For all ¢, € B(8(R?)), the convolution of ¢ and %) is denoted by ¢ * 1, i.e. for all
X € ]Rd,

(o *y)(x) = J @(x = y)p(y)dy.

Also, we define exp(x) = e* for all x € R.



Chapter 2

Stability

This chapter is focused on the stability of the discrete time filter with respect to its ini-
tial conditions but it also contains general background and preliminaries that are needed
in Chapter 3. The proof of the stability is based on approximating the exact filter recur-
sion by truncating the support of the filtering distribution such that the resulting support
is a compact subset of the state space. Because of the compactness of the support, it is
not difficult to show that the resulting approximation is stable. In fact, it follows that the
approximation is sufficiently stable as well as a sufficiently good approximation of the exact

filter recursion in the sense that it can be parameterised such that

o the distance between approximate filters with different initial distributions converges

to zero as time increases
e the approximation error converges to zero for all initial distributions as time increases.

This observation then implies the stability for the exact filter by a simple application of the
triangle inequality.

This chapter is organised as follows. Section 2.1 defines and proves the well known
recursive formulation of the discrete time filter which provides the basis for the analysis of
both the stability and the uniform convergence. Section 2.2 defines the elementary concepts
of random probability measures and various forms of their convergence. These definitions
are needed in order to specify rigorously what is meant by the stability and the uniform
convergence. Section 2.3 introduces the method of approximating the filter by truncating
the support of the filtering distribution. Moreover, the section includes a discussion about
the principles of how the truncated approximation can be applied to proving the stability. It
should be pointed out that the majority of the material covered by sections 2.1, 2.2, and 2.3

13
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consist of known results and preliminaries that are also needed in Chapter 3. In Section 2.4,
the filter framework under consideration is specified in detail by stating a list of assumptions
about the signal process and the observation process. These assumptions are then retained
throughout the remainder of this work. Also a number of important intermediate results are
proved. In Section 2.5, the main result regarding the filter stability is proved accompanied
by a corollary which establishes convergence rates for the stability.

2.1 Exact filter recursion

Throughout the remainder of this work it is assumed that the random variable V;, i > 0 has

a continuous positive density py, with respect to A4 . In this case, we define
8i,y (x) = Pv,-(}’ — h;(x)),
forall i > 0, y € R% and x € R%. Moreover, we define the shorthand notation
gi(x) = gi,y,-(x),

for all i > 0 and x € R%. In the literature, the function g; is commonly referred to as the
likelihood function. For convenience, we also define for all i > 0, X1 = (X0, X1,...,X;_1)
and Y;; = (Y},Y,,...,Y;). In this case, it follows from the definition of X, Y and V that

P(Y; €A; | Xo,, Y1.-1) = P(Y; €A; | X;) :J giy(X;)dy. 2.1
A;

We then have the following fundamental and well known result which yields a recursive
formulation of the discrete time filter. The proof of the theorem has been included for

completeness and it can also be found e.g. in [15].

Theorem 2.1. Foralli > 0,
7Tl' = gi . TCi—lKi’ P-a.S.

Proof. Let us define a signed measure Q : B((R%)") — R such that for all A€ B((R%))
QA) = f »(X;)dP,
{Yl:iEA}

where {Y;; €A} = {w € Q| (V(w), Y5(w),...,Y;(w)) € A}. Suppose that A;,; = ]_[§=1Aj,
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where A; € B(R%), 1 < j <i. In this case,

QA1) ZJ 0 (X;)P(Yy,; €Ay, | Xo,)dP.

By defining {Y; €A} = {w € Q| Yi(w) €A,}, we can write

P(Y1; €Ay [ Xo4) =E |:E |:l_[ Livea Xo:i;Yl:i—1:| XO:i:|
j=1
i-1
=E [l_ll{Y,EAj} Xo:z} P(Y; €4; 1 X)), (2.2)
j=1

from which it follows by repeating the same reasoning for the remaining conditional expec-
tation in (2.2) and by using (2.1) that

i i
P(Y1,; €Ay | Xoy) = l_[ P(Y; €A, |X;)= J l_[gi,yi(xi)dyl:iﬂ
j=1 j=1
where the integral is a shorthand notation for an i times iterated integral with respect to

the Lebesgue measure. By using the definition of X, Fubini’s theorem, and Carathéodory’s

extension theorem, one has for all A € B((R%))

Q(A) =J |:f W(Xi)l_[gj,yj(xj)Ki(xi—l’dxi)Ki—l(xi—z’dxi—l)'"Tfo(dxo):| dyy;;-
A

j=1

Similarly, the above reasoning in the case ¢ = 1 yields for all A€ B((R%)")

Py, (A) = f U [ T, GKiCeiy, dx DK (i, i) n-o(dxo)} dy.i

where Py, = denotes the distribution of Y;,;. Then, [see e.g., 64, pages 219 and 230]

fw(xi)l_[§=1 gj,Yj(xj)Ki(xi—lxdxi)Ki—l(xi—z,dxi—l)'"ﬂ:o(dxo)
fl_[§:1 gj,Yj(xj)Ki(xi—I:dxi)Ki—l(xi—Z:dxi—l)"'TCO(dXO)

i =—=—(Y,) =

dPyll

from which the claim follows by induction. O

For all i > 0 we define Q; to be the mapping n;_; — 7; = g; - m;_1K;, which yields the
recursive formulation of 7 given in (1.2).

It is also observed that by the independence of X and V and the Markovian property of
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X, one has forall ¢ €B(%)andi >0

E[e(X) | Vo] =E[E[@X) [ Xoi-1, Vi1 ] | Yiio1 ]
=E[E[oX) | X;_1] | Yi;m0] = mio1 K. (2.3)

Therefore it follows from (2.1) and Fubini’s theorem that

P({Y; € AAn{Yy,;_, €B}) :J E[P(Y; €A | X;, Y1) | Yy, | dP

{Y1.1-1€B}

= J f f gi,y(xi)ﬂ'i—lKi(dxi)d}’ dp,
{Y1.,.1€B} JA

from which we conclude that
P(Y,eAl%_,)= f f 8iy(x)m;_1K;(dx;)dy,
A

and consequently

Ele(Y) | %_,] = f ‘P(}’)f iy (x)mi_1K (dx;)dy. (2.9)

This equality will be needed later in Section 3.1.

2.2 Convergence of random probability measures

In order to define the uniform convergence of filter approximations rigorously we need to
specify what is meant by the convergence of probability measures on .. Therefore, a topo-
logical structure in Mp(”) is required. Once the topological structure is fixed, we have
access to the associated Borel field which also enables a rigorous definition of random prob-
ability measures. Moreover, if the topology in Mp(.%”) is metrisable, then also the stability of
the filter is well defined.

2.2.1 Weak convergence

The space Mp(%”) is endowed with the weak topology which is the smallest topology that
makes the mappings u € Mp() — u(p) € R continuous for all ¢ € C,(S). Equivalently,

the weak topology can be defined as a topology whose base consists of the sets

V%’l:%’z ~~~~~ ‘Pn§€1s€2:~~~:€n(‘u) = {V € MP(y) } |’V¢i — Ui < g, 1<i< Tl}
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where u € Mp(&), {¢1,92,...,9,} is a finite subset of C,(S), and &4, &,..., €, are positive
real numbers [see e.g., 57, 7]. Naturally, the weak convergence of a sequence in Mp(.%) is
then defined to mean the convergence in the weak topology. Another equivalent characteri-
sation of the weak convergence is obtained by observing that a sequence (u;);>¢ in Mp(&)

converges weakly to u € Mp(&) if and only if
iliqrguicp =up, Yo eC(S). (2.5)

In fact, (2.5) is used as the definition of weak convergence in several references instead of
the topological definition given above [see e.g, 7, 9].

Because S is locally compact and second countable, it is Polish [see e.g., 7, Theorem
7.6.1]. This implies that C.(S) is separable and therefore there exists a countable and dense
subset ® = {@;, P,,...} C C.(S) [see e.g., 7, Theorem 7.6.3]. In this case, one can define a
function d,, : Mp(S) X Mp(S) — [0,1] as

=3 3l 26

By the denseness of ® and Riesz’s representation theorem [see e.g., 7, Theorem 7.5.4], it
follows that d,, is a metric in Mp(.%). Note that the choice of the set & is not unique and
therefore also the definition of d,, is not unique. Moreover, different metrics in Mp() are
obtained by using different permutations of the functions in . However, it can be shown
that all the resulting metrics are topologically equivalent and that the induced topology is
precisely the weak topology. Thus in the case of Polish state space S, (2.5) is equivalent to

lim d,,(u;, u) = 0. 2.7

2.2.2 Random probability measures and transition probabilities

The topological structure of Mp() defined above also enables us to introduce the associ-
ated Borel field in Mp(%#) which is denoted by .#,(”). In this case, we say that a mapping
u: Q — Mp(&) is a random probability measure if it is & / #p(#)-measurable. The fol-
lowing well known result gives a convenient formulation for the measurability of random

probability measures.

Theorem 2.2. Suppose that ¢ C . The mapping u : Q — Mp(F) is 4/ Mp(S)-measurable
if and only if uy : Q2 — R is 4/ B(R)-measurable for all ¢ € Cy(S).

Proof. Suppose that u is ¢/ #p()-measurable. Because u — u, as a continuous function,
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is Mp(F)/ B(R)-measurable, the composition w — u(w) — (u(w))(¢) must be ¥/ AB(R)-
measurable.

To prove the converse implication, suppose that (u(-))(¢) is ¢/ %(R)-measurable for
all ¢ € G,(S) and let /4 be the smallest o-field in Mp() making u — up A/ B(R)-
measurable for all ¢ € C,(S). Then u is ¢/.# -measurable [see e.g, 7, Theorem 1.7.4] and
it suffices to show that .#,() C . It is an elementary exercise to show that the collection
% of the sets

p@; — |

MEMP(y) Z }2 ” H
¥j

where i €N, r € Q, g; € Q, is a countable base for the weak topology. Thus for all i € N
and (q;,...,q;) € Q', the mapping

s~ Z |'“‘PJ q}’

2 ¢l

is A | B(R)-measurable and hence % C .#. Therefore .# contains the weak topology and
because .#;(S) is the smallest such o-field, one must have .#,(S) C 4. O

According to the definition of 7, it is now obvious that for all ¢ € C,(S) the mapping
T Q — R is % /%B(R)-measurable and hence, according to Theorem 2.2, &; : Q —
Mp(S) is %;/ Mp(S)-measurable random probability measure. Therefore 7 can be justly
called a probability measure valued %;-adapted stochastic process.

Because S is separable and complete, it can be shown that if u : Q — Mp(¥) is
9 | Mo (S )-measurable, then for all A€ &, (u(-))(A) is ¢/ B(R)-measurable [see e.g., 39,
Lemma 1.4]. Therefore the mapping (i : Q@ x & — [0, 1] defined for all w € Q and A€ & as
g(w,A) = (u(w))(A) is a transition probability. In a similar fashion we can define random
transition probabilities by saying that K : QxS x & — [0,1] is a ¥-measurable random tran-
sition probability if for all (w,x) € 2 x S, K(w,x, -) € Mp(¥) and for all A€ &, K(-, -,A)
is ¥ ® &-measurable. In this case, K(w, -, -) is a transition probability for all w € Q, and
K(-,x,A) as well as K(¢)(-,x) = fcp(y)K(-,x,dy) are ¥-measurable random variables.
More details can be found e.g. in [53, Proposition II1.2.1]. Throughout the remainder of
this work, the dependency on w will not explicitly appear in the notations of random prob-
ability measures and transition probabilities. In other words, we will write u(A) instead of
(u(-)A), uly) instead of (u(-))(¢), K(x,A) instead of K(-,x,A), and K(p)(x) instead of
K(p)(-,x).
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2.2.3 Convergence in total variation

A stronger form of convergence is obtained by using the metric induced by the norm || - ||

which is defined for signed measures as

1
ol =5 sup [ule)]- (2.8)
llell =1

To avoid confusion, it should be noted that ||-||;y is half the total variation norm defined
e.g. in [50, page 315]. For convenience, the multiplication by 1/2 is used here because
it scales the induced metric to the interval [0,1]. Therefore in this work, following the
example set by several other authors, |||l will be called the total variation norm and the
induced metric will be called the total variation distance.

A sequence (U;);>o in Mp(&) is said to converge to u € Mp(¥) in total variation, if
Jim [l = uf| = 0. 2.9)
According to (2.6) and (2.8) one clearly has
dy(pv) < = ]|y

and thus the convergence in total variation implies weak convergence. It should also be
pointed out that in the case of a locally compact and second countable state space S, the

total variation can be shown to satisfy

|u(o)|
@

>

1
Jille = 3 50

e 'O

and thus for all ¢/ #y(S)-measurable random probability measures u and v the total
variation distance H u—v HTV is clearly a ¢/ (R )-measurable random variable.

The following lemma summarises some elementary properties of the total variation dis-
tance. These properties in particular are important for the remainder of this work. Parts of

the proof can also be found in [55, Lemma 2.8].

Lemma 2.3. Suppose that u, v € Mp(&), D € & and ¢ : S — [0,00) such that 0 <
w(),v(y) < co. Then
@ |ju=1p-ply = uCD);
(K1

@ [0y < 0 o],
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Proof. For all u,v € Mp(%), one has
=7l = sup (u(4) = v(A)) = sup (v(A) - u() -
AceY AeY
Therefore,

=15 - pf|y = sup ((1p - )(A) ~ u(A) = (1 - (D) ~ u(D) = u(CD),

| =1p - |y < sup (WAND) = (15 - w)(A)) + sup (u(ANCD)) = u(CD),
Ay Aes
which yields (i). To prove (ii), we observe that
| =Vl = sup (ue—ve)= sup (v —pgp).
0<p<1 0<p<1

If u(yp)/v(y) > 1, then

B Il (pGbe) _ p) vie)
sl = iy 22\ ol e Tl
¥ ppe) ve)\ _ [l
SM(UJ) 02;121 Hlﬁ'”oo ||¢||oo SH(UJ) H VHTV
Ifu(y)/v(p) <1
B vl (s vare)  pie)
=l =gy 22 S ol ™ ol
el (v _pe)) el
=) o2\l ol ) = ey e

2.2.4 Convergence almost surely and in the mean sense

In the filtering context the convergence is considered for random, rather than deterministic,
probability measures. The weak convergence and the convergence in total variation defined
above can be naturally extended for random measures by saying that (2.7) or (2.9) holds
P-almost surely. Another way to take the randomness of the measures into account in the
convergence is to consider the convergence of the expected distance between measures, i.e.

lim E[d,,(u;,u)] =0 (2.10)

ilirgoE[Hui —pf| ] =0 (2.11)
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Because d,, and || - ||y take values in [0, 1], it follows by the dominated convergence the-
orem that if (2.7) or (2.9) holds P-a.s., then (2.10) or (2.11) holds, respectively. On the
other hand, it can be shown that for all ¢ > 0 and p > 1,

lim {97 [d,,(u;, )] =0 => lim i%,, (i, 1) "= 0,

and similarly for the total variation distance

. . P-a.s.
i q+p . — = i q L — =
tim B[l =l ] =0 = lim i s — pfl, =" 0.
In other words, the almost sure convergence of probability measures implies the conver-
gence in the mean sense and a sufficiently fast convergence in the mean sense implies

almost sure convergence.

We also consider a convergence of the form

lim E

i—00

sup EU,uiga—,uapH%] =0, (2.12)
llello=1

NI -

where ¢ C . This form of convergence is found to be stronger than (2.10) by observing
that

x E (P —upil| 9
E [d ()] = E[E[ dyCuo )| 9] ] =E| 23 [lpct — ;]| 4]
25 Yol

<E sup E[|,ul-cp—,ucpH<§J . (2.13)

llell=1

NI -

The convenience of (2.12) is that it is independent of the choice of & and therefore it can
be used for obtaining more practical results, as will be seen later in Section 3.2. Moreover,
it is observed that

sup E[ |uip —pe|| 9] < E[Huiw —u<p||w) %] :
llell.=1

1

2
and hence (2.11) is also a stronger form of convergence than (2.12). In conclusion, the
strongest form of convergence described above is the almost sure convergence in total
variation and therefore it should be of primary interest. However, in certain occasions
convergence results can only be obtained in a weaker sense, as will be seen later e.g. in
Section 3.1.
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2.3 Approximation by truncation

Having established the exact filter recursion and the required concepts of convergence, we
are now ready to start constructing filter approximations that play an important role both in
the proof of the filter stability and in the proof of the uniform convergence. First we define
a method for approximating © which is based on truncating the support of the filtering
distribution. At the end of this section, the resulting truncated approximation is motivated
by describing the principles of how it can be applied to the filter stability analysis.

2.3.1 Truncated filter

Throughout the remainder of this work it is assumed that S = R% and that for all x € R%,
Ki(x,) has a positive density k;(x,-) with respect to A, such that for all i > 0,

kil = sup KiCx,y) < oo,
x,y€R%

For all A > 0 we define a Mp(98(R%))-valued stochastic process ©% = (72);5 by the
recursion
nt = gh-nt K, (2.14)

where 718 = 1y, g = 1¢,(a)g; and C;(A) € B(R*) is compact. Obviously, 7 and * are not
equal in general and therefore 72 is called the truncated approximation of m with parameter
A which is referred to as the truncation radius. At this point, the specific construction of
the sets C;(A) is not of interest and therefore the detailed specification of C;(A) is left for
Section 2.4. Also note that if C;(A) = R% then 7 equals the exact filter.

For all i > 0, we let Q® : Mp( B(R%)) — Mp(B(R%)) denote the mapping 72 , — 2.
Moreover, for all i > j > 0, we define QjA’l. =Qfo--o0 QjA and Q;; = Q; o---0Q;, where
Qﬁ and Q, are assumed to be identity mappings. Also, foralli < j, Qﬁi and Q; ; are defined
to be identity mappings. In this case, we further define a mapping Hfj ¢ Mp(B(RE)) —
Mp(B(R)) as

2 () = Q7 (Qu(w). (2.15)

Essentially, (2.15) defines for all j > 0 a probability measure valued stochastic process
(Hfj(ﬂ))izo starting from u € Mp(%B(R%)). An intuitive interpretation for these processes
is that for the jth process, the j first steps of recursion are exact and the remaining steps
are approximate. In particular, we use the shorthand notations 7'CiAj = HiAj

Hfj(ﬁ:o), where 7, € Mp(B(R%)) is arbitrary. Clearly, nfy = n{ and 77, = 7; and therefore

(mo) and 7, =

we define analogously 7; = 7%, and 7 = @%. An illustration of the notation is given in
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A @, @ @, @
0,0 10 720 T30
\A« . . .
A L A B A
Ty Toa T3

Figure 2.1: The exact filter process and approximations based on truncation.

Figure 2.1. It is important to point out that although Hfi(ﬂo), according to Theorem 2.1,
is the conditional distribution of the signal X with initial distribution 7, at time i, Hfi ()
is not in general the conditional distribution of the signal X with initial distribution u at
time i. This is because the mappings Hfj depend on Y through the likelihood functions g; y.
and regardless of the choice of u, Y is always assumed to be determined by the observation
noise V and the signal X which is assumed to have the initial distribution m,. Hereafter, the
process (Hfi(u))izo, regardless of the choice of u, will be called the exact filter with initial
distribution u. It should not, however, be confused with the filter = by which we mean the
process (T12(75));o-

Let us then derive an alternative formulation of the processes (Hfj(u))izo, j = 0. For all
i >j>0and A >0, we define a mapping 7, : R* x B(R%) — [0,1], such that for all
x €R% and A € B(R%)

Kj(ngKj+1(gﬁ1 - Ki(g/))1)(x)
Kj(ngj+1(gﬁ1"'Ki(giA)))(X) ’

A 2
Sh,A) =

and a mapping ijl. : R% — R such that for all x € R%

Kj(ngKjﬂ(ngH "'Ki(giA)))(X) ifi>j
ifi<j.

P () =

An alternative representation of (Hfj(ﬂ))izo is then obtained according to the following

lemma. This representation was originally proposed in [22] and it also appears in [56].
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Lemma 2.4. Foralli > j > 0 and y € Mp( B(R%)),
_ (A AcA A
Q (M) ("¢' M)SJ 1S]+1 it Si,i‘ (2.16)
Proof. Foralli>j>0

u(K;(gs - Ki(gl¥)))
u(K;(gf - Ki(g))

_ 1 u ijlK g] ]+11K giA—llp ( Alﬂ (P)
R A P2 L

The substitution of

Qi (W(p) =

SR = T oK (8] i, )60

w,ﬁ(
yields

QA ((9) = —— W ASE(SE (- SE(eM = (W2 - wsist, 55 (¢). D

1
py?)

The representation given by Lemma 2.4 is motivated by the observation that the map-
ping u — uK is a contraction with respect to the total variation distance. The contraction
coefficient equals 1 — ag(K), where ag(K) € [0, 1] is the Dobrushin ergodic coefficient and
it is defined as

ag(K)=1— sup |K(x A) — K(y,A)|
Wy

The proof of the contractivity is given in [25, 26]. Consequently, we can bound the error of
two differently initialised truncated approximation in the total variation distance, according
to the following result. Note that in the following lemma and throughout the remainder of
this work, the products over empty sets are considered to be equal to one.

Lemma 2.5. Foralli,j > 0 and p, ' € Mp(B(R%))

Proof. If j > i, the claim is trivial. For all i > j > 0, according to Lemma 2.4,

For all j < n <i the transition probabilities S2, are applied to a probability measure on

i

v = l_[ (1 - acn-l(A)(SnA’i)) )

n=j+1

ij,i'M_I/"jA,i'.U/

A
Joi Jit v’

Jot Jot

= H(%A,i'u)sf,i”‘sfi — (ij’i 'M')Sﬁ-"'sfi .
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Cn-1(A), and S7, is applied to a probability measure on R%. Thus,

i

‘ Qil(;u‘) - QJA’l < (1 — Apds (SJA’I)) l_[ (1 - aCn_l(A)(SnA’i)) ) QP]A’I U= IPJAJ : ,LL/ -
n=j+1
from which the claim follows because apd (SjA’l.) €[0,1]. O

For the stability and convergence analysis, it is natural that S in should be as contractive
as possible. In order to bound this contractivity, we need to bound the ergodic coefficients
ac,_( A)(Sfi) from below. For this purpose, we define

a;(A) =

-1
inf k, 2.1
illoo, J0F (o, ), (2.17)

x€C;_1(A)
for which we have the following result from [22].

Lemma 2.6. Foralli > j >0,
acj,i(A)(SjA,i) > a;(A)

Proof. Foralli>j>0,x€C;_;(A)andA€ B(RE)

Kj(ng ]+1 llA)(X) Ag,(k;(x, )g ]+1 14)
Kj(gj ]+1 D) Ag (k;i(x, )g ]+1 )
inf yecy(a) kj(X,A’)

A —
SH(x,A) =

x€Cj_1(A) d ( A/ltb]_'.ll )
T sup yecya) k(e y) Aq (R, )
x€C;_ 1(A)

and thus

M
g, ()(82) =inf Y min (820x,4,),52(3,4,)) = &,(A),
n=1

where the first equality is equivalent to the definition of the Dobrushin ergodic coefficient
(see Eq. (1.16) and Eq. (1.5”) in [25] and Section 3.2 in [26], see also Eq. (6) in [22]).
The infimum is taken over all x, y € C;_,(A) and all M set partitions of R%. O

According to the elementary inequality l_[ (1—-a) < exp( 2 ) which holds for all
a; € [0,1], one has

lim l_[ (1 - acn,l(A)(SnA,i)) <exp (— lim 21: dn(A)) )

n=j+1
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Therefore, if C;(A) =S for all i > 0, then QiA =Q, forall i > 0 as well and it follows directly
from Lemma 2.5 that if 221 a;(A) = oo, then the filter is stable in the sense that

llggo HQl 0---0Q(my) —Q;o0--- OQl(ﬁO)”TV Pas. 0,

for all 72, € Mp(2B(R%)). This happens if for instance S is compact and k; is bounded away
from zero uniformly with respect to i. A more detailed account on this matter is given
in [22, see e.g., Lemma 2.3, Theorem 2.4].

This section is concluded by stating a result which establishes an upper bound for the
truncation error, i.e. the distance between the truncated filter m* and the exact filter .

Except for some technical details, the proof can also be found in [56].

Proposition 2.7. For all i > 0,

i ‘ e — s,
_ —A . . 1] Js] v
||7'cl- — I HTV < Z l_[ 1-a,(A)min | 1, —— | . (2.18)
=1 n=jt2 a;4q1(A)
Proof. Foralli> 0,
i
- A A=A
17 = 2l < Z Tij ™ =1y
j=1
i
A = A =
= Qi (75,1 = @y 1 (75-1) v
j=1
i i
~ A EWAN A ~A
= Z l_[ (1-a,(a)) ‘ 1 T T Wi |y
j=1n=j+2
A A=A
‘ Vi, ‘ T35 " 1|y

< l ﬁ (1-a,(A))min| 1,

j=1n=j+2

>

- A
nj,j—l(¢j+1,i)

where the first inequality is due to the triangle inequality (see Figure 2.1), the second in-
equality follows from the definition of ﬁiAj, the third inequality follows from Lemma 2.5

and the last inequality follows from Lemma 2.3(ii) and the fact that ||-||;y is subunitary.
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Moreover, it is observed that ﬁﬁj_l =1g)- ﬁﬁj, and hence for alli > j > 0

]+1 I(X) _ j+1(g]+1¢]+2 1)(x)
]] 1(¢]+1 1) ]] 1(1C (A) +1(g]+1¢]+2 1))
||kj+1|| Ad, (g1+11/"]+2 )
"~ inf xeC;(A) k]+1(x y) TC Ji- 1()'(1 (g]+1¢]+2 1))
J'GC]H(A)
a1(A)

Note that the bound for the error at time i given by Lemma 2.7 is expressed solely

in terms of dj(A), 1 < j <1, and the local errors Hr'tjAj - }, 0 < j <i. Moreover,

75l
Proposition 2.7 yields the following less complicated corollary.

Corollary 2.8. For alli >0,

B L
— - A J5J JJ= TV
T; — 7; <y ¥V— (2.19)
= 2= 5
Proof. Follows directly from Proposition 2.7, because (1 — &;(A)) € [0,1]. O

2.3.2 Application to the stability analysis

Let us briefly describe the principle of how the truncated filter can be applied to proving the
stability of the filter. By the triangle inequality

= A A = A = A =
i = il < flee = 72y 1 = 2y + 722 = 7 (2.20)

Based on the numerous results on the filter stability in the case of compact state space, it is
natural to conjecture that under some assumptions the second term on the right hand side
of (2.20) converges to zero as i — 0o. A rigorous proof of this intuitive statement is given
later in Proposition 2.14. Moreover, it is intuitive that the remaining two terms in the right
hand side of (2.20) do not in general converge to zero as i — 0o. In fact, it can be shown
that in some cases these terms converge to one as i — oo. For details, see Example 3.1 in
Section 3.1.

Because the error due to the truncation is expected to decrease as the set C;(A) is made
larger, C;(A) will be parameterised by A such that for all A < A’, C;(A) c C;(A”). Also,
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instead of (2.20) we consider the decomposition

7= Zilly < = 2 o [ = 20 ey 17 = Al @20
where A; < A, forall i > 0. It can be shown under some assumptions that if (A;);5q is a
sufficiently fast increasing sequence, then the first and the last terms on the right hand side
of (2.21) converge to zero as i — 0o. On the other hand, it may be the case that if (A;);5
increases too fast, the convergence of the middle term does not hold. Therefore the proof
of the filter stability boils down to proving that there exists a rate for (4;);>, such that all
terms on the right hand side of (2.21) converge to zero.

In order to avoid confusion, it should be emphasised that by definition
A A A A
TCl‘ ' :Qi ' OQl‘_ll O"'OQll(TCO)s

C . . . A, . .
which in general is not equal to QlA‘ o Qi—lil 0-.--0 Q?l(ﬂo), In other words, ﬂiA’ is obtained
by using the same truncation radius A; in all steps of the recursion up to time i and not by
using A; in the jth step of the recursion for all 0 < j <i.

2.4 Filter framework specification

So far, we have considered a rather general filter framework. In the following, the filter
framework is further specified by introducing the following assumptions:

(A1) For alli > 0, the signal process X satisfies
Xi=filXi)+ W,

where W; is an independent random variable with a distribution Py, € Mp(B(R%))
and f; : R% — R% is continuous. Moreover, there exist @ > 0 and § > 0 such that

i) = £ < allx =y +3
for all x,y € R% and i > 0.

(A2) There exist 8, 8, > 0, and y > 0 such that for all i > 0, h; = h; + h;, where h; : R% —
R% is such that sup, g, “fli(x)“ <y and h; : R% — R% is a bijection such that i;; and
fli_l are Lipschitz with coefficients 8, and 3, respectively.
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(A3) There exist m;, M;,a;,A;,b;,B; > 0 such that forall i > 0
myexp(—ay [Ix]1”) < pw, (x) < Myexp(—Aq x| ,
where py, is the density of Py, with respect to A4 .
(A4) There exist my, My,a,,A,, by, By > 0 such that for all i > 0
myexp(—az llx[|™) < py,(x) < Myexp (=4, [Ix|**), (2.22)
where py, is the density of Py, with respect to 44 .

The stochastic process W = (W), is called the signal noise process and it follows from (A1)
and (1.1) that for all i > O the observation Y; can be expressed as a function of X, V; and
Wi, W,, ..., W,. This implies that Y; is measurable with respect to the o—field #; which is
defined fori = 0 as &, = 0(X,) and for all i > 0 as

Fi = 0(Xo, Vi, Vay oo, Vi, Wi, Wy, o, W)

Throughout the remainder of this work it is assumed that (A1), (A2), (A3), and (A4) are
satisfied by the filter framework under consideration. Note that because of the assumed
bijectivity of i, in (A2), it is required in practice that d, = d,,.

Let us also further specify the truncated approximation 2 by defining the sets C;(A),
i>0forall A>0as

{x eR%

Y, —h ()l <A} ifi>0

Ci(a) =
Ixll<pa+py} ifi=o.

(2.23)
{x eR%

The interpretation of C;(A) is that it is the preimage of the Y; centered ball of radius A with
respect to f1; . Throughout the remainder of this work, the truncated filter 77* is assumed to
employ this particular definition of C;(A).

It is natural to conjecture that the error of the truncated approximation 72 decreases
as A — oo. This will be rigorously proved later in Lemma 2.13 but at this point it suffices
to note that for this reason we are interested in 2 only for large values of A. Therefore it

suffices to consider 72 only for A > A,, where it is assumed for convenience that A, > 7.
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Under the assumptions given above, a tractable lower bound for &;(A), and thus for

acj_l(A)(Sfi), can be obtained. For this purpose we define ¢ : R, x R, — R, as
£(x, 1) = Lexp(—a; (L(x) + "), 2.24)
M,

where
L(x)=(af+B)x+y)+45.

Also, for all i > 0 we define a random variable ; taking values in R as

Bl + ]+ a8 i >

(2.25)
vl i +alill =1

&=

and a shorthand notation
g(A) = (A 8).

According to these definitions, we have the following result [see also 56, Lemma 3.3].
Lemma 2.9. Foralli >0, and A > 0, one has @;(A) > ¢;(A).

Proof. According to (2.23) and (A2), for all i > 0, x; € C;(A),
[[x: = Xi|| < B|RuCx) = i + RX) + V|| < Ba+ By + B || Vi -
If i = 0, then for all x, € Co(A)
[lxo =Xol| < [[xoll + [Xo]| < BA+ By + X,
Therefore, according to (A1) and (2.25) for all i > 0,

Hxi _fi(xi—l)H = Hxi _Xi” + Hfi(Xi—l) +W; _fi(xi—l)H
< [l =il + @ f[xis =X + 6 + i
<(af+p)A+Y)+6+E:.

The claim then follows by substituting the last form into

6(8) = S inf exp(—ar [y —£0)|"),
Ml yECi(A)
xeC;i_1(A)

which holds by (2.17), (A1) and (A3). O
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According to Lemma 2.9, a new bound for the error ||ﬁl- - ﬁiAHT\/ can be obtained by
replacing @;(A) with ¢;(A) in Lemma 2.7. Moreover, it follows from Lemma 2.9 that the
next step in the course of bounding &;(A) and acj,l(A)(SjA,i) from below is to find a lower
bound for ¢;(A). For this purpose it is sufficient to bound &; from above. According to the
following result such an upper bound can be obtained by using the assumptions (A3) and
(A4). It should also be pointed out that at this point the analysis most significantly departs

from the analysis given in [56].

Proposition 2.10. For all € € (0, min(A;,A,)), there are positive random variables ¢; = c¢;(€),

¢y = c5(€), and cg such that for all i > 0, one has &; < &; ., P-a.s. where
Ee 2 (a+ = ) 4 @B+ B) (r+ (A — 07 i) P ey,

Proof. Let the densities of the random variables ||W1H and ”Vl” be denoted by Plw| and
Pvi|> respectively. According to the assumptions (A3) and (A4), for all x >0

P||m||(x) < Mlgdsxds_lexp(—Alel) )

Pilv| (x) < M2§dmxdm_1exp(—A2xBZ) ;

where S, denotes the surface area of a d dimensional unit sphere. Hence, for all €’ > 0

supE [exp ((A1 —€) HWI-HBI)] < Mlgds J xds_lexp((A1 —e)xB —Alel) dx < oo.
i>0

Thus for all g > 1

e

E 211'_‘1exp((A1 —€) HWl

i=1

00

Bl)] Zi_q < 00,

i=1

Bl):| < sup E [exp((A1 —e)|w;

implying that
i_qexp((A1 —€) HWl Bl) < 00, P-a.s.
i=1
Therefore,
c = supi Zexp ((A1 —€) ||Wl- Bl) < 00, P-a.s.
i>0
from which we have for all €’ € (0,4,)
HM/i”BI < Inc N qlni

Al_el Al_el‘

For all € € (0,A;), one can define ¢ = (A; —€/2)/(A; —€) > 1, ¢ = €/2 € (0,A;) and
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¢, =Inc/(A; — €/2). In this case,
B, -1 .
”WiH <c;+(A;—€) Ini.
The above reasoning can also be applied to HVlH yielding ¢, and finally by setting c¢; =

a HXOH the claim is found to hold for all i > 0. O

So far the interest has been in bounding &;(A) from below. This has been done in order
to control the bounds for the error of the truncated approximation given by Proposition 2.7
and Corollary 2.8. In the next proposition, Lemma 2.9 and Proposition 2.10 are applied to

Corollary 2.8 in order to further refine the bound for the truncation error.

Proposition 2.11. If b, = B,, then for all € € (0, min(a;, a,)), there exists a positive random
variable c, = c4(€), such that for all A > Ay and i >0

. i exp((—Az +€e)(A—71) +2a;(L(A) + §j+1,e)b1)
17 = 72|y < C‘*Z 1—7;_,(CC;_1(A))

, P-as. (2.26)

=1

Proof. First, we observe that according to Lemma 2.3(i), fori >0 and t > 1

LN
_ f [IBQ(A) gi(xi)ki(xi—l’xi)dxi:l i—1(dx;—1)
- f [f gi(xi)ki(xi—l’xi)dxi] i (dx;—y)
kil S Uﬁci(A) gi(xi)dxi] i1 (dx;—y)
Je o oo &Gk ey x) dx; | #y(dxiy)

(2.27)

Let us first consider the numerator. According to (A2), the transformation T(z) = fli_l(Yl- —3)
is Lipschitz with coefficient 8 and therefore A4 -almost everywhere differentiable according
to Rademacher’s theorem [see e.g., 29, Theorem 11.1, Corollary 11.9]. Let JT denote the
Jacobian of T. Then, by the change of variables with respect to the transformation T, one
has for all A > A,

f gi(x;)dx; ZJ pv (z —h(T(2)) T (2)|dz
Cc.(a)

llzll>A

<M, ||JT||oof exp( =4, [} ~ Ri(TE)|™) dz

llzll=A

<M, [Tl f exp(~Ay(llsll - 1) ) dz

llzll=A
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where the first inequality follows from (A4) and the fact that according to (A2) || T || <
d,!8% < co. Then, by switching to polar coordinates, one can check that for all € > 0, there
exists ¢ = c(e) such that for all A > A,

f g:(x)dx; < cexp((—Az +e)Aa- y)BZ) . (2.28)
Cc;(a)

Let us then consider the denominator, for which we have

J J & (¥ ki(x, y)dym;_1(dx) =
Cia(A) JC(a/t)

Ag (C(A/)T;_1(Ci—1(A))  inf ki(z,y) inf gi(x).
yecC;i(A) x A)

eG;(.

z€C;_1(A)

Moreover, according to (A2) and (A4)
~ - b
inf : > inf — Y. —h.(x)=h: 2
xeclf(k/t)gl(x)—mzxeéf(‘A/t)eXp( a, ||; = hy(x) — Ry ()| )

smy infexp(—a (%~ R + [G0)])")

xeC;(A/t)
> mzexp(—az(A/t + y)bz) . (2.29)

The substitution of (2.28) and (2.29) into (2.27) yields

cexp((—Az +e)A -7 +ay(A/t+ Y)bz)
™ & (A)myg (G(A/)(A = 7ty (CC 1 (A))

(2.30)

It should be pointed out that in order to ensure that the numerator converges to zero as
A — oo it is required that B, > b,. On the other hand, (A4) implies B, < b, and thus we
must have b, = B, which was assumed. Set t = (2a,/€)"/®2 which clearly is greater than
one for all € € (0,a,). It can be shown that there exists ¢’ = ¢’(€) such that

exp((—As + €)(A — 1) +ay(A/t + 7)) < lexp((—Ay +2e)(A —7)%) . (2.31)
For all x € B, (h;'(Y;), A/,), according to (A2)
A= fo [ () = x| = ¥ = (0
Consequently By (i, '(Y;), A/f,) € C;(A) and therefore

A, (C(A/0)) 2 2q By, (R (Y), A/ Bot)) = A, (B4, (0, Ao/ o)), (2.32)
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where the last inequality uses the assumption that A > A, and the translation invariance
of the Lebesgue measure. By applying Lemma 2.9 to &;(A) and by substituting (2.32) and
(2.31) into (2.30), it follows that there exists ¢’ = ¢”/(¢e) such that

— exp((—Az +€)(A — 1) + a;(L(A) + E)™)
v (1—7;,(CCi_1(A)))

(2.33)

The claim then follows by substituting this inequality into (2.19) of Corollary 2.8 and by
replacing &; and &;,; with &;; . which, according to Proposition 2.10, is their common

upper bound. O

Proposition 2.11 gives a bound for the distance between the exact filter and the trun-
cated approximation, but according to the discussion in Section 2.3.2, we are also inter-
ested in the distance between two truncated filters with different initial distributions. For
this reason, we have the following result which is adapted from the proof of Proposition 3.1
in [56].

Lemma 2.12. There exists r € (0,00) such that forall A>0,i>0,n>0

E {]‘[(1 — enyj(8))
j=1

where §(A) = (A, 1)/2.

54‘} <(1-&),

Proof. Because ¢;(A) € [0,1], i > 0, the claim holds trivially for i = 1. For all i > 1 we
define the shorthand notations 7;(A) =1 —¢;(A) and 7(x,y) =1 — €(x, y). Because &; is
Z; measurable and .F; C Z;,, i > 0, it follows that 7;(A) and ¢;(A) are #; measurable for
all i > j > 0. Therefore, foralli > 1 and n >0

n+i
E{ [T =

j=n+1

n+i—2
gn:| =E |:E[Tn+i(A)Tn+i—1(A) | 9n+i—2:| l_[ Tj(A) gn:| . (234)

j=n+1

Because 7;(A) € [0, 1], we can write for all A,x >0

Tnric1(A) T (A) =7, 1 (A)7T,4(A) (1{T(A,x)ZT"+i(A)} + 1{T(A,X)<Tn+i(A)})
< Tpyio1() (T(A, X)L izamze,. a0 T ]‘{T(A,X)<Tn+i(A)})
= Tpyio1(4D) (T(A, x)+(1-7(4A, x))l{T(A,X)<Tn+i(A)})
< Tnpi—1(A)T(A, x) + (1 = (A, X)Lz (ax)<r,,.(A%
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Therefore,

E[Tnti-1(A)T34:(A) | Zgia] <
(A, x)E [Tn+i—1(A) | 9n+i—2] +(1—=7(A,x))ppyi(x), (2.35)

where, by the definition of T
Pasi(X) = P(1,4(8) > 7(28,%) | Zppia) = P(Enpi > X | Fpia) = P(&ppi > ).

It follows from (A3) and (A4) that there exists r € (0, 00) such that p;(r) < 1/4 foralli >0
and we can define £(A) = (A, r)/2. In this case, it follows from (2.35) that for all A > 0

E [ (A)7a(A) | 7,] S (A, )+ (1 - 7(A,1) <1~ £(4)

where the first inequality follows from (2.35) and the second inequality is easily checked
to hold according to the definition of £(A). Thus the claim holds for i = 1,2. To complete
the proof, it is assumed that the claim holds for 0 < i < m. Then, by setting i = m + 1 the
substitution of (2.35) into (2.34) yields

n+m+1 ntm
E[ [T =i gz} S'L’(A,r)E|: [ =i 9}
j=n+1 j=n+1
1 n+m-—1
+Z(1—T(A,r))E|: [T =i 37}
j=n+1

<7(A,r)(1-8A))" 1+ %(1 — (A, )1 —EA)™2

<@-&anm. O

In order to see how this result is related to the distance between two truncated filters, it
is observed that according to Lemma 2.12

E []_[(1 - snﬂ(A))} <(1-éan, (2.36)
j=1

holds for all A > 0, n > 0 and i > 0. By applying (2.36) and Lemma 2.9 to Lemma 2.5, one
has for alli > 0

E[||=2 - 78] ] <E {]‘[(1 - ej(A))} < (1- &A))2. 2.37)
j=2
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In other words, under the assumptions (Al), (A2), (A3), and (A4) the truncated filter is

exponentially stable in the mean sense.

2.5 Stability theorem

Because (&; .);>o is an increasing sequence in R, it follows that the bound for Hﬁ:i — ﬁiA”TV
given by Proposition 2.11 is also increasing for a fixed value of A. Therefore, following
the discussion in Section 2.3.2, we consider a sequence (%) >0 Of truncated filters where
- _A; . . . . .

% = (7, )i»o and (A));5o is an increasing sequence in [Ay,00). Because (&; )i is

nondecreasing, it follows from Proposition 2.11 that a sufficient condition for

. oA
lim ||7T; — 7T,
i—00

=0,
TV

is to have

ilij.lo €xp ((_Az +e)(A; — 1) 424, (L(A) + §i+1,e)bl) Z(l -7, (CCi_ (AT =0,
=

(2.38)
which implies

lim exp((—Ay +€)(A; = 1)% +2a1(L(A) + 141,00 ) =0 (2.39)

We immediately observe that if b; > B,, (2.39) does not hold for any increasing sequence
(A});so- This is an important observation because it implies that our approach for proving
the filter stability is fruitless for filter frameworks where b; > B,. In the case b; < B,, (2.39)
can be shown to hold under some additional conditions.

The following result gives a bound for the distance between the exact filter and the
truncated approximations with time dependent truncation radius. Moreover, it follows from

the proof that a sufficiently fast convergence in (2.39) implies (2.38).

Lemma 2.13. If b, = B, and (A;);> is a sequence in R _such that
lim exp ((—A; + €)(A; —1)%2 +2a,(L(A) + i1 )™*) =0, P-as. (2.40)
1—00

where € € (0,min(a;, a,,A;,A,)), then there exists a positive random variable c5 = cs(€, 7Ty)
such that for alli > 0

Hﬁi - ﬁiA" HTV < csiexp((—Az +e)(A; — )P +2a,(L(A) + §i+1,e)b1) R P-a.s.
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Proof. If (2.40) holds, then lim,_,, Co,(A;) = R% and by the continuity of measures
lim 725(CCo(A)) = 1 = 7o(R*) = 0.
Thus there clearly exists N, z €N, such that for all i > N 7,
T(0Co(A)) < — (2.41)
7T )< —— .
ORTRORT 1+e

and

c"exp((—Ay +€)(A; = 1) +2a1(L(A) + &1, )™ ) < (2.42)

T (1+e)*

where ¢” is the constant appearing in (2.33). Then, according to (2.33), for all 0 < j <,

where i > N 7 ,

C//eXP((_Az +e)(A; —7)P +a (L(A) + gj)bl)
1—7,1(0C,1(A)
- C//eXP((_Az +e)(A; — 1) +2a;(L(A) + §i+1,e)bl)
= 1-7,(0C,1(a)
€
= OF - 7.0C (a0

7,(0C,(A)) <

(2.43)

Because (2.41) is equivalent to 1/(1 — 75(CCy(4;))) < 1 + ¢, it follows that

(0, (A) < 1—;

By induction, it then follows that for all 0 < j <1, one has ﬁj(ECj(Ai)) <e/(1+e),ie.

—mCcay e

Therefore, according to Proposition 2.11, for alli > N, 7 ,

=2 = Do+ dexp (s + XA, = 1P + 20, (LA + 111 )
=1

< cy(1+e)iexp((—Az+€)(A; —1)% + 20, (L(A) + Eir )P ) (2.44)

which yields the claim. O
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Let us consider the case B, = b;. In this case, a necessary condition for (2.40) is that

€i+1,e

sup
i>0 i

< 00

According to Proposition 2.10, this implies the existence of ¢ > 0 such that A?l >cln(i+1),
for all i > 0. Such a constant exists if A;, i > 0 is defined to be of the form

A= (slni+Ad)YE, (2.45)

where s > 0. Thus in order to prove the stability according to the discussion in Section 2.3.2,
it is sufficient to show that s can be chosen in such a manner that the convergence in (2.40)
is sufficiently fast and that

=0. (2.46)

. A=A
lim ||7," — 7;

i—00

According to the following result, (2.46) holds if s is sufficiently small.

Proposition 2.14. Suppose that A" =slni + Ap', where s™* > a,(af + )" and b, = B;.
Then for all p € (0,1 —sa,(af + B)?) and e € (0,m;/2M,), there exists a positive random
variable cg = cg(€, p) such that

i = A;
TT. _ﬂ:i

< csexp((—m,/2M; + €)i?), P-a.s. (2.47)
v

Proof. By using the inequality (1 — a) < exp(—a), it can be shown that for all i > 1

(1-8(A)) 2 <exp (—Z—N;lil—qi) exp(ﬁii—q,) )

where

AY ) (1+ (a/o’+/5))f+6+r)bl‘
slni

p— bl 0
4 =say(af + ) (H ~ (af +PIA,

Because, clearly q; > sa;(aff + )P, it follows that

supexp(ﬂi_ql‘) <00
i .

i>1 1

Also, because lim;_,,, 1 — q; = 1 —sa;(af + B), it follows that there exists ¢ = c¢(p) > 0
such that for all i > 0

(1-8(a))2< cexp(—zmvlip) s (2.48)
1
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where 0 < p < 1 —sa;(af8 + ). Thus, according to (2.37) and (2.48)

il

Therefore, for all € € (0,m,/2M,),

o0 my ) = .
E ex ((——e) lp) ) < » cexp(—eiP) < o0,
[; Pllom, v ; P

and thus there exists a positive random variable ¢4 such that

c ésupexp((ﬂ—e) ip)‘
° 0 2M,

Before stating the main stability result, we define 6 : R, X R, — R as

b, by
0(x,y) =2 | y/b + (ﬂ)l/bl + o M@pEH)_ xy
' Ay x1/b ar(aB + B’

A=A
T — 1

i W} <(1-&(a))2 §cexp(—2%ip).

1

A oA
T T

i

NN
T

<00 P-a.s. O

’TV

and 0; : R, — R as 0;(x) = 0(x,1). Clearly 0, is continuous, strictly decreasing, and
lim 6;(x) = — lim 6;(x) = oo,
x—0 X—00
and therefore we can also define = 0, 1(—p). Moreover, we write
A . B
A(s) = (sIni + a0,

in order to explicitly illustrate the fact that the truncation radii depend on s.

Theorem 2.15. If one of the conditions
(i) by =B; < by =By;
(ii) by =By =by =By, and A, > Kk,
holds, then
lim |7 — 7|, =0,  P-as. (2.49)

1—00

Proof. Let us write,

r \*
r(e,i,5) = (—Ay +e) (1 - Ai(S))

+2a,(af + B (1+L)bl (1+ O+ vt )blA'(s)bl‘Bz (2.50)
! A(s) (af + B)A(s) +7) l T
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In this case, according to Proposition 2.14 and Lemma 2.13, it suffices to show that there
exists 0 <s < a; '(aff + B)~" and a sufficiently small € > 0 such that

lim iexp(;c(e, i,s)Ai(s)BZ) = lim exp(( + k(e 1,5)) A (S)BZ) =0. (2.51)

A(s)P

Because sup;., A;(s) = oo, it suffices to show that

slni )
ll_r)l‘(l)llirglo IO +sk(e,i,s) —ll_r)r(l)lllrélo (s lm+ABl)Bz/Bl +sk(e,i,s) <O0. (2.52)
From Proposition 2.10 we have
! + ! if B B
1 =
Eiste VB (AL — ) /Bi(aB +B) sV (A, —€)V/P P
hm @B +AAE+1) 1 £B.>B
sY/B1 (A — €)VBr (ap + B) o
(2.53)
It then follows from (2.50), (2.52), and (2.53), that
slni 14+ 0(A,, sa;(aff + B if by =B
lim lim ———— + sk (e, i,s) = (A, sar(aff +6)7) te (2.54)

e=0i=o0 A(s) —sA, if b, < By.

Therefore, (2.52) holds for all 0 < s < al_l(aﬁ + B)7", if b, < B,, which completes the
proof for the case (i). Let us then consider the case (ii). Because 6, is decreasing and
A, > K1, one has 0,(A,) < 0;(kx;) = —1 implying that 6(A,,1) + 1 < 0. Moreover, because
0(A,, -) is continuous, there exists x* < 1 such that 8(A,, x*)+1 < 0. The inequality (2.52)
then holds for s = x*/a;(af + ). O

It is also possible to establish rates for the convergence in (2.49) according to the fol-

lowing corollary.

Corollary 2.16. If one of the conditions
(i) by =B, < b, =B, and Ay > p(a," (af + B));
(i) by =By =by, =By and A, >k,

holds, then there exists a positive random variable ¢, such that for all i > 0

T, — 1 criexp(—p(ni)P/B1), P-a.s. (2.55)
17t = ][y < cstexp(- )
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Proof. Similarly as in the proof of Theorem 2.15, for all p > 0

sp(lni)B2/B: +0(A,, sa;(ap+B)*) ifb, =B
lim lim % +si(e,iys) =17 (A, sar(af +F)7) TP (256)
e—0i—00 Ai(s) 2 psl_BZ/Bl —5A2 if bl < Bz.

If Ay > K, then 6,(A;) < 6,(x,) = —p, implying 6(A,,1) + p < 0. By the continuity of
0(A,, -), there exists s < a;*(aff + )75 such that 6(A,, sa;(af + )*) + p < 0. Thus, in
the case (i), s can be chosen such that the limit in (2.56) is negative. In the case (ii), one
can choose s € ((Ay/p)~51/B2,a; ' (aB + B)51) which is nonempty. Also in this case, one can
check that the limit in (2.56) is negative. The negativity of this limit implies the existence
of e > 0 and ¢ > 0 such that for all i > 0

exp(K(e, i,S)Ai(S)Bz) < Cexp(—p(lni)Bz/Bl) _

Then, according to Proposition 2.14 and Lemma 2.13, there exist cs, Cs, ¢ > 0 such that

Ai(s)
; —

< csiexp(—p(lni)BZ/Bl) + ceexp((—my /2M; + €)i?) + Esiexp(—p(lni)BZ/Bl) ,

7= 7y < [l = 78Oy 2 = 2Oy |72 = 22

where q € (0,1 —sa;(aff + B)B), from which the claim follows. |

Note that in the case (ii), the rate of convergence can be written as
Hrtl- - ﬁ:i”TV <c,i Pt P-a.s.

It should also be noted that regarding the stability, (i) in Corollary 2.16 does not impose
any restrictions on A, in addition to the positivity. This is because for all A, > 0, there exists
p > 0 such that (i) holds, and the right hand side of (2.55) is convergent for all p > 0 if
B, > B;. On the other hand, in the case (ii) the convergence holds only if p > 1. Because
Kk, as a function of p is continuous and increasing, there exists p > 1 such that A, > k,, if
and only if A, > k, which is consistent with Theorem 2.15.






Chapter 3

Uniform convergence

This chapter establishes sufficient conditions for the uniform convergence of two classes of
filter approximations. The convergence is considered in the sense of (2.11) and (2.12). The
first class of filter approximations consists only of the truncated filter described in Chapter 2
and the motivation for proving the uniform convergence in this case is purely theoretical.
This is because in general, the truncated filter is intractable and therefore it is not of any
practical interest. The theoretical significance is due to the fact that if the truncated filter is
uniformly convergent, then any uniform approximation of the truncated filter is a uniform
approximation of the exact filter as well. Therefore the second class of filter approximations
for which the uniform convergence is proved consists of uniformly convergent approxima-
tions of the truncated filter that can be parameterised such that the approximation error
converges to zero as A — oo. This class of filter approximations is characterised by a set of
properties that the approximating algorithm is assumed to have. These properties are gen-
eral and they do not imply any specific filter approximation algorithm, but it is shown that
for example a certain feasible SIR filter type algorithm has these properties and therefore it
is uniformly convergent.

This chapter is organised as follows. In Section 3.1, some preliminary results are given
accompanied by a theorem which establishes easily verifiable sufficient conditions for the
uniform convergence of the truncated filter with respect to the truncation radius. In Section
3.2, the set of approximating algorithms is specified by introducing some properties that the
approximating algorithm is assumed to have. Moreover, the main result on the uniform con-
vergence is stated as well as a practical corollary which establishes the uniform convergence
of certain point estimates. In Section 3.3, the set of uniformly convergent filter approxima-
tions is exemplified by introducing a feasible SIR filter type algorithm which is shown to

43
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satisfy the conditions for uniform convergence. The chapter is concluded in Section 3.4

where the uniform convergence results are illustrated by some computer simulations.

3.1 Uniformly convergent approximation by truncation

The upper bound of the truncation error provided by Proposition 2.11 increases without
bound as i — oo for a fixed A > 0. Therefore Proposition 2.11 cannot be used for proving
the uniform convergence of 2. Because of this observation it is natural to ask whether the
bound of Proposition 2.11 is unnecessarily loose or is it in fact the case that the approxima-
tion error of m® does not converge uniformly to zero as A — co. Unfortunately the second
alternative appears to be the case in general as illustrated by the following example.

Example 3.1. Let N (x, y) denote the normal distribution with mean x and covariance y
2 . . . . . N
and let o denote the posterior variance of a time invariant Kalman filter [see e.g., 2] for the

model
Xi=aX; 1t W,

Yi = Xi + Vi’
where W; ~ N (0, 02), V; ~ N (0, 0},) independently and 0 < a < 1. If Xy ~ N (0, 02),

then for alli > 0
n; =N (G—Xi—l +(Y; — aX;_y), Uio) )

where ¢ = (a*02 + 02)/(a*0% + 02 4+ o) is the time invariant Kalman gain and X; is the
mean of ;. By defining Z; = Y; — aX;_,, it follows that

Y,—A 00
”ﬂ:i - nlA“TV = ni(BCi(A)) = J dTCi +f dTL'l-

—00 Y, +A

where ®(-; x, y) denotes the distribution function of N (x, y). Clearly, for all A >0

‘l‘im B(z(1—cx)—A;0,02)—@(z(1—c)+A;0,02)=0
Z|—00

. A
and therefore, for all 0 < € < 1, there exists z*(¢) > 0, such that Hni - ”TV >1-—c¢,

whenever }Zi > z*(e). In the literature, the random variable Z; is commonly referred to as

the innovation and it can be shown that Z; are mutually independent random variables with
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common distribution N (O, a’o +oi+ 01%,1). Therefore,
P(|Zl-| > z*(e)) =28(—z"(€); 0, a®0? + 02+ 02) >0,

and it follows by the Borel-Cantelli lemma that almost surely ” T; — TEiA ”TV > 1—e for infinitely
many i > 0. This implies that

sup Hrcl- — TCiAHTV >1—c¢, P-a.s.
i>0

Because this holds for all 0 < € < 1, it follows that
sup HTCi - 71:14”TV =1, P-a.s.
i>0
From this we conclude that m® cannot converge almost surely to 1 in a uniform manner.
The preceding example shows that in general 2 does not satisfy

Aliirgo Sllig HTCi — ”iA”Tv =0, P-a.s., (3.1)

but it will be shown later by Proposition 3.4 that under some assumptions

Jim supE[ |z — 2, ] =0 (3.2
holds. Therefore the significance of Example 3.1 is twofold. Firstly, it shows that the almost
sure uniform convergence in (3.1) is genuinely stronger than the uniform convergence in
(3.2) in the sense that by the dominated convergence theorem (3.1) implies (3.2) but ac-
cording to Example 3.1 the converse implication does not hold. Secondly, it shows the
futility of trying to find room for improvements in the proof of (3.2) in order to establish
(3.1).

Let us then turn to the proof of (3.2). Similarly as the proof of the filter stability, the
proof of (3.2) is based on Proposition 2.7 and bounding &;(A) from below by £(A, &;) but
otherwise the approach is somewhat different. In the previous chapter &; was bounded
from above according to Proposition 2.10 which gave an upper bound for €(A,&;) in the
almost sure sense. Here, instead of bounding &; we derive upper bounds for the tails of
the distribution of &;. This enables us to bound the expectations of nonnegative functions
of &; from above. It should be pointed out that the analysis in [56] is similarly based on
bounding the distribution of &; instead of using the almost sure bounds for &;. Therefore
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many similarities between the following analysis and [56] can be found. Let us start with

the following result.

Lemma 3.2. Suppose that as, ag, by, by > 0. If fa, fp : R = R, satisfy fa(x) = fz(x) =0
forall x <0 and
sup fA(x)exp(abe) <00
x=0 (3 3)
sup fB(x)exp(a’be) <0
x=0
forall a < ay, a’ < ag, then
B
sup (f * fy)(x)exp (ax*) < oo
X=

for all a < A, where B =min(b,, bg) and

-B
aadp (aAl/B + aBl/B) if bA = bB
A={aq, if by < by

ag if by > by.

Proof. According to (3.3), f, and f; are bounded and integrable, implying that f, * f3 is

bounded. Therefore the claim holds for a < 0. Fix a”’ < a < a, and a” < d’ < ag.
According to (3.3), there exists ¢ > 0 such that, for all t € (0,1) and y >0
ty y
(fax fa)(y) < cf exp(—a(y —x)br — a’be) dx + cf exp(—a(y —x)br — a'be) dx.
0 ty
3.4

For the first integral one has

ty 00
f exp(—a(y —x)br — a’be) dx < exp(—a(l - t)bAybA) f exp(—a'be) dx, (3.5)
0 0

111

and because a”’ < a’, there can be shown to exist ¢/ > 0 such that the second integral

satisfies
y o)
f exp(—a(y —x)bs — a’be) dx < f exp(—a’be) dx < c’exp(—a”’thbe) . (3.6
ty ty

By the substitution of (3.5) and (3.6) into (3.4), it follows that there exists ¢’/ > 0 such that
(faxfe)(y) < c”exp(—a(l - t)bAybA) + c”exp(—a”’thbe) . (3.7

Consider the case b, < bg. Because convolution commutes, b, and by are interchangeable
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and the same reasoning applies to the case by < b, as well. Because a” < a, we can take
t €(0,1—(a”/a)"/®»). In this case, it is easy to check that

supexp(—a(l —t)PayPa 4 a”yb“) + exp(—a’”tbﬂybB + a”ybA) < 0,
y20

and thus, by (3.7), the claim holds for b, # bg. In the case by = by = B, we choose
t =a,?/(a,""® + az'/?). In this case, a,(1 — t)® = apt® = A and therefore, for all a”” < A,

111

we can choose a € (a”’(1—t)"8,a,) and a’”’ € (a””t B, ag). The substitution of a and a”’

in (3.7) yields
(fax fe)(y) < 2¢"exp(—a""y") . m

In order to apply this result to bounding the distribution of &;, we define

-B
AA, (A}/Bl(aﬁ +B) +A§/Bl) ' ifB,=B,
A if B, < B,.

A

3=

In this case, we have the following proposition, which essentially states the conclusion of

Lemma 3.2 in a form more suitable for our purposes.

Proposition 3.3. Forall a <Ag, andi > 1
sup pgi(x)exp(axBl) < 00. (3.8)
x=0
Proof. By the associativity of the convolution operation, p;, = ((paﬂ”Vi—l 1| *Pg||vi| ) 0wl ).
Moreover, paﬁIIViII(X) = p”ViH(x/a/o’)/aﬁ and pﬁHViH(X) = p||‘,i||(x//3’)/ﬁ. Thus, according
to (A3) and (A4), one has for all e > 0, and i > 0
suppHWi”(x)exp((A1 —€) xBl) <00
x=0
sup (x)exp((A—2 - e) sz) <00
SUP P 2z
A
sup p (x)exp( [ —2— —€ | x% | <0
x=0 apllvi (ap)?

and, according to Lemma 3.2, for alli > 1 and € > 0
SUP (Pag|y,, | * Pl xP( (A2/(aB + )% — €] x™) < 0.

The claim follows by applying Lemma 3.2 once more to the convolution of p,, BV || *PB vl

and Pllw,]|- o



48 CHAPTER 3. UNIFORM CONVERGENCE

By defining

al/bl by
A= |24 1+Ai/b1 a,(af +B)",

3

we are ready to prove the uniform convergence of the truncated filter according to the
following theorem, which can be regarded as a refinement of the Proposition 3.4 in [56].

Theorem 3.4. If one of the following conditions
(i) b; =B; <By;
(i) by =B; =By and A, > A,
holds, then there exists cg, cg > 0 such that for all i > 0

E |:||7'Cl~ - TCiA”TV] < cgexp(—chBl) . (3.9)

Because J;(A) is Z;;-measurable, it follows from Proposition 2.7, Lemma 2.9, and Lemma
2.12 that

E [ - m2 ] < EH [Ta-e@

Proof. Let us write

A
LT

£i41(4A)

A
i1

Ji(A)=min | 1, v

9j+1:| Jj(A):|

j=1 n=j+2
i i—j-1
= E [E |: l_[ 1- €n+j+l(A)) gj+l:| Jj(A):|
j=1 n=1
<> (A-&aNTPE[ )], (3.10)

=)

—

where (-)™ = max(0, -). Next we derive an upper bound for E [J j(A)] which is independ-
ent of j and therefore can be brought outside the summation. For the remaining sum, it

follows by the convergence of geometric series that

1

N (3.11)

i
Dl —sa) T <24
j=1

It can be shown that for all € > 0 there exists ¢ = c(e) > 0 such that for all A > A, and
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i > 0 one has

nJA%%wa—&+fXA—YW)ZJ‘ pv,(y)dy.
lly[[>a-r

Moreover, it is elementary to show that for all u,v > 0,
min(1,uv) < min(1,u) 4+ min(1,v). (3.12)

Therefore, by applying (3.12) to E[J;(A)], one has

|8 -2 (ay
i i
E[/,(A)] <E|min | 1, = | +min (1, e ) , (3.13)
ne(A)! €i41(A)
where q € R. According to Lemma 2.3(1), |77} — 75, . 7;(CC;(A)), and therefore

)n.A.—n.A. ) )TC.A.—TC.A, . E C
ii ii— ii ii— (LC: (A
E|min | 1,120l o v | _ElmCaan] ;4
ne(A) ne(A) ne(A)
Moreover, according to (2.4), for alli > 0
[ f a8y A1 K
E[m(CC,(A)] =E | E | =22 -
fgi,yi dm;_1K;
[ _f a8y At K;
=E J RS fgiydﬂi—lKi dy
fgi,y dm; 1 K; |
=E J J iy dﬂ:i—lKi:| dJ’}
LY LJIG(a)
=E J {J gi,y(x)lﬁDi(A)(x:y)dyi| ni—lKi(dx)i| , (3.15)

where D;(A) = {(x,y) € R: x R | ||y — h;(x)]| < A}, and the last equality follows from

Fubini’s theorem. By the change of variable, the inner integral satisfies

J gi,y(x)lﬂDi(A)(x:y)dy = J 1ED1~(A)(X>Z ‘f‘hi(x))Pvi(Z)dZ < f pvi(z)dz <n.(A),
llzll>A-y
(3.16)
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where the first inequality follows from the observation that

2l + 7 = [lzll + |2 )| = ||z + A ()|
and therefore

Lep, ()2 +h00)) = Ly coll>a1(62) = Liamii>a—r3 (6, 2)-

By putting (3.14), (3.15), and (3.16) together one has

A
LT

ne(A)1

A
i1

E|min | 1, T =)= exp((1 - (=A + €)(A —1)™).

(3.17)

Let us then consider the second integral in (3.13). According to Proposition 3.3 for all i > 0

. N8\ _ (% . ne(A)
E [mln (1, €i+1(A))] = L min (1, m) Pe,,, (x)dx

05 1 (A)e
< C'L Z(i’i)exp((—Ag + e)xBl) dx

+ c’f exp((—A3 + e)xBl) dx
oA

ne(A)!
e(A,0A)

+c"exp((—As +2€)(08)™ ), (3.18)

< C/J exp((—A3 + e)xBl) dx
0

where the second inequality follows from the fact that 1.(A)?/e(4, -) is nondecreasing.
Therefore, by combining (3.10), (3.11), (3.17), and (3.18), one has

1

" q
E[f|mi—nf ] < (2 + @) (ne(A)l‘q + % +¢"exp((~As +2€)(0A)") )

In order to prove the claim, it then remains to show that each of the terms

A
% ocexp((1-q)(—A, +€)(A =) + a(L(A) + 1))
n(A)!
§(A)e(A,0A)

exp((—A; +2€)(0A)P)

£(A)

o exp(q(—Az + €)(A = 1) +a;(L(A) + )" + a; (L(A) + 6A)™)

oc exp((—As +2€)(0A)" +a;(L(A) + 1)),
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converges to zero at appropriate rate, as A — o0o. In the case (i) this holds if 8 is sufficiently
large, and e is sufficiently close to zero. In the case (ii), € must be sufficiently close to zero

and (g, 0) must be a solution of

1-9A, > a(ap+p)
gy, > a(af+B+60) +ay(af + B
1439131 > al(aﬁ +/3)b11

One can check that a solution to this system of inequalities exists if A, > A7. O

3.2 Uniform convergence theorem

In this section, we consider an approximation 7 of 72 and show that under certain condi-
tions this approximation is uniform and that the error of #* converges to zero as A — 00.
Therefore, provided that the conditions of Theorem 3.4 are satisfied, & is a uniformly
izo % and
A = (#);>0, such that 5 is a nondecreasing sequence of sub-o-fields 54 C F satisfying
#, = . Moreover, we let K** denote the restriction of K; to the set C;(A), i.e. for all
x € R%: and A € B(R%), one has KiA(x,A) = K;(x,C;(A)NA). Note that KiA(x, -) is a finite
measure but not necessarily a probability measure on %B(R%).

convergent approximation of 7 as well. For this purpose, we define % = | J

The following assumptions are made about 7*:
(A5) Foralli >0, 7 is #;-measurable, 75 = 7, and
Rt =gt vh, (3.19)
where v2 € Mp(#(R%)) and 0 < v*(g2) < 00, P-a.s.

(A6) There exist a4, M4 > 0 such that forall A > Ajandi >0

i E[[RLKE @] ] < Miexp(-aia®).
Pl =1

Moreover, the following additional assumption about the filter framework is considered:

(A4) For all x € R%,
Pixy/p(xX) < Maexp(—A, ||x]|*),

where py, 4 is the density of the random variable X,/ with respect to A .
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Note that (A4’) is only related to the filter framework and therefore it does not impose any
additional restrictions on the approximating algorithm. Moreover, (A4’) is not crucial for
the proof of convergence but under this assumption, explicit rates for convergence can be
obtained.

In the proof of the main theorem on the uniform convergence, the following general

result is needed [see also 56, Lemma 5.2]:

Lemma 3.5. Suppose that K is a random transition probability in R% x %B(R%) and that u
and v are random probability measures on B(R%) with a random support C € B(R%) such
that a.(K) is ¢-measurable where ¢ C . Let ¢ and 6 be bounded, nonnegative random
functions such that u(vy) and v(0) are positive random variables. Then,

L1 )
@ Sup_ E[|uk(0)—vK(p)|| 9] S(1—f)tc(1’<))”;|l|1pS El |ue—ve|| ¢];

llell.=1 =<1

|up ) —v(09))]
pp

@ 5 sup E[|( (o)~ (0-)e)]| 9] < sup E

llell.=1 llell.=1

Proof. To prove (i), it is observed that for all x € C

|uK () = vK()| = |u(K o — Ko(x)) = v(Kp — Kp(x))]
pEe—Ke(x))  v(Ke—Ko(x))
T 1e®e =Ko, [[1e®e —KoCo)||,

x sup [|Lo(K¢ —KGC)...
ll¢llo=1

and

sup [ LK@ —K@()||, < sup [K$(z) — K ()]

l¢]]..<1 0SS,

=2 sup |K(z,A)—K(x,A)|=2(1-a-(K)).
Acin (i)

Because a.(K) is ¢-measurable, the claim follows by taking conditional expectations. To

prove (ii) it is observed that [see e.g., 15, 47],

|u(¢<p)!;pv(990)| +H¢HOOM' (3.20)

|- () = (6 - )(p)| < i
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Because
—v6 —v(6
c |lutp —v6)| ol < s E B EICI] 9|
uyp llell <1 uy
the claim follows by taking conditional expectations in (3.20) and by using the fact that
Il < 1. =
By defining

1/b;

by

N a

a;£2 1+(1+Ai/bl) ar(af + )" +a,,
3

we are ready to state the main result regarding the uniform convergence.
Theorem 3.6. If one of the following conditions holds:
() by =B, <B,<byanda, <ay;
(i) by =B; =B, < by, ay <ay, and A, <Ay;
(iii) by =By =By = by, a, < ay, and A} < Ay;
then

lim E| sup E[|Tti<p—ftiAg0H@/i:| =0. (3.21)

27 lell=
If in addition (A4’) holds, then there exists c1y, ¢1; > O such that
E| sup EHrcl-cp — ﬁiAcp} | @11 < cloexp(—cHABl) . (3.22)
llell o=

Proof. The proof is based on similar principles as the proof of the filter stability in Chapter 2.

Therefore, following the definition of nfj in (2.15), we define for alli > j > 0,

SA A A=A
;= Qj+1,i(“j ). (3.23)

Accordingly, &, = 7% and #i{, = 72, By the triangle inequality,

E| sup E[}ﬂicp—ﬁ:iAcpH@i] <E| sup E[|77:icp—77:iAcpH@i:|
llello=1 el <1

+E| sup EUfciAcp—rciAcpH@i] . (3.24)
[l =1
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Figure 3.1: The exact filter and its approximations.

See also Figure 3.1 for illustration. For the first expectation on the right hand side of (3.24),
one has

E| sup E[}niap—niAgaHQ/i] <E| sup |7ti<p—7tiA<p| =2E[||ni—ftf||w:|.
o]l =1 o]l =1

(3.25)
According to Theorem 3.4, E [Hrcl- - TCiAHTV] is uniformly convergent to zero as A — oo for
all cases (i), (ii), and (iii). Therefore it suffices to consider only the second term on the right
hand side of (3.24). Because for all i, j > 0, %; C ¢}, one has
]

o — ﬁ.—fj_lgo‘ ) 3@_1] : (3.26)

i

sup E[}ﬁfap—rtfga”@{-]sz sup E{E[

llell..=1 =1 el =1

~ A ~ A
TP _“i,j—ﬁa) ) %f‘—l]

i
< Z sup E[
=1 lell.=1

According to Lemma 2.4 and (3.23),

~A _ A ~A Y A ~A A A
15 = Qi) = WP 75 S5 Siy

SA A (s — (D A A
i = Qi () = Wy A5 S5 Si
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and therefore according to Lemma 3.5(i)

| s|1|1p E[ il — Rl lgaH% ]<4(1—ac(A)(5,+11 SA)) Jji(A), (3.27)
Pllo=1
where
L1
‘]j,i(A)ZE sup E|:)( ]+11 )((P)_( ]+1l' ]] 1 (QO)H% ] (328)

llell=1

It is then observed that according to (A5)

A A VA A
i T T j+ll (g ) g j+ll Vi,
A A _ A A S A
i -1 T j+ll (g K) i LK

Thus, according to Lemma 3.5(ii) and the fact that ﬁjA_lKj(ng ) is - -measurable,

Jj+1i
we have
1 }
Jf:i(A)=§||S|l|lp1EH( Py )= (g ;+u'“f—1K1)(‘p)H3@—1]
[ <
1
< - sup E[V-A(gA L) — ALK (g h‘P)H” ]
] ] J(g] ¢]+11)||<p|| - jNej T+ ) J j+
AL A ~
8j Wit vilgi i) ALK (g i )

= < — sup E

j—=1 5
K (g ¢J+11)||9"” <1

g] ]+1l g] ]+11

A
Jj+1,i 00

is supported by C;(A). Therefore, it

where the last equality follows from the fact that is J;_;-measurable. Also,

observe that K; can be replaced by KjA because ng

follows from (A6) that

glapd
P Wi
Ji(A) < = i Maexp(—a,A"). (3.29)
K( ¢]+11)
Moreover,
A A Ay A y A A
& Vit gj L A K<(g~A) il 1
& K(gd +1J K(gA) K(g ) T RRK (g R (1/J+h)'
(3.30)

In order to bound the second product term in (3.30) it is observed that similarly as in the
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proof of Proposition 2.7, for all j >0

P (0 B K (g8, )(x)
ﬁj,j—1(¢j+1,i) ” 1(Leya) +1(g;+1¢1+21))
Il Alghitte) .
~inf veca) kjpa(x,y) Tf” 1(Aq, (g]+1¢1+21)) ~g1(A) ’
yeCJH(A)

where the last inequality follows from Lemma 2.9. In order to bound the first product term
in (3.30) it is observed that for all j > 0,

~A—1Kj(ng)ZJ U gi()k;(x, y)dy} 5=, (dx)
Ci1(A) LYGi(A)

= Ads(CJ(A))ﬁjA—l(Cj—l(A))xeicn(fA) gj(x) yeig{m kj(X,J’)- (3.32)
x€C;_1(A)

Note that the first inequality can be replaced by equality for all j > 1 but because ﬁg = T,
the equality does not hold for j = 1. For all x € Bds(fzjfl(l/'j), Ay/Bo), one has

I1Y; = Ry GOl = IR (R (Y)) =y GOl < Boll; (V) — xI| < A,

that is, By (5 (Y;), 80/B0) € C;(A,) and thus for all A > Ay, By (h;'(Y}), Ao/ o) € C;(A)
which implies 2, (C;(A)) > 24, (By, (R (¥)), Do/ o)) = Vs, (Ao/ o), where Vy (Ao/fy) de-
notes the volume of a d; dimensional ball of radius A,/f,. According to the assumptions
(A2) and (A4)

xelcn(fA) gi(x) = lg;(fA)mzexP(_az ”YJ - hi(x)Hbz)

> inf maexp((~ay (I, ~ R, C+ IRy Coll) ™)
> mzexp(—az(A + y)bz) .

Because TCA(C (A)) =1, j>0, one has ft ~1(Cj—1(A)) = my(Co(Ay)) and therefore, accord-
ing to (3.32)

il Kj(ng) Z Vds(Ao/ﬁo)”o(Co(Ao))mlmzeXP(_az(A + Y)bz) g;(A), (3.33)

where (2.17) and Lemma 2.9 have also been used. From (3.28) it follows that J; ;(A) <1
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and therefore by putting (3.29), (3.30), (3.31), and (3.33) together one has for all j > 0

rca)

s m) = Jj’l-(A). (3.34)

J;(A) = min (1
where
I'(A) = cexp (az(A + 1) — a4Ab2) s
with ¢ £ MyM,/Vy (Ao/Bo)mo(Co(Ag))mym,. By induction, it follows that
i i
1—ag (85,2 < [ (1—ac, ) (52)) < [] @ —eu2)),
n=j+1 n=jt+2

where the second inequality follows from Lemma 2.6 and Lemma 2.9. Therefore, and also
because J j(A) is ﬁ'jﬂ-measurable it follows from (3.26), (3.27), and (3.34) that

9j+1:| Jj(A):|

E| sup E[|ﬁiAcp—7tiA<pH@iJ S42E[E[ﬁ(1—€n(A))
=1

o]l =1 n=j+2

< 42(1 — &N TE[J;(8)],

j=1

(3.35)

where the second inequality follows from Lemma 2.12 similarly as in (3.10). According to
(3.11D)

D1 = EA)TE[;(A)] <E[(A)] + (z + L) supE[J;(A)],  (3.36)
j=1 é(A) j>1

and by applying (3.12)

E[J;(a)] <E [min (1 m” +E [min (1 \/@H . (3.37)

’ EJ(A) ’ 8j+1(A)

Similarly as in (3.18), for all 8 >0

E[m( m” @J

o) )| Seaeay T, PatI (3.38)
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where, according to Proposition 3.3, the integral can be bounded for all j > 1 by

J pe,(x)dx < c'exp((—A3 + 26)(9A)B1) , (3.39)
oA

where € > 0. Thus, by combining (3.35), (3.36), and (3.39) it is observed that for all 9,

€ > 0, there exists ¢’/ > 0 such that

E| sup EHﬁ:iAga—niAcpH@/iJ <
llello=1

p 1 r) 5 o
c (14— §(A)) (500 +exp((—A3+26)(9A) 1) + eApgl(x)dx . (3.40)

In order to prove (3.21) it suffices to consider the convergence of the terms

VT(A)
§(A)e(A,0A)
exp((—As +2€)(0A))
£(A)

a a
x exp(f(A +1)b2 — fAbZ +a;(L(A) +7)b +a,(L(A) + QA)bl)

oc exp((—As +2€)(0A)" +a;(L(A) +1)").

If (i) or (ii) is satisfied, 6 is sufficiently large, and e is sufficiently close to zero, then these
terms converge to zero as A — oo. In the case (iii), this holds if € is sufficiently close to

zero, and 6 is a solution of

a/2 > ay/2+a,(aB+B+6) +a,(af + )b
A0% > a (af +pB)b.

A solution to this system of inequalities exists if a;, > a;, which completes the proof of
(3.21). If (A4) holds, then the conclusion of Proposition 3.3 applies to &; as well and
therefore (3.39) holds also for j = 1. This implies that integral on the right hand side of
(3.40) disappears and (3.22) follows similarly as (3.21). O

Theorem 3.6 also implies an analogue of (3.2) where the total variation distance is

replaced by the metric d,,. This follows by observing that according to (2.13),

E|l sup E[|ﬁ:iAcp—77:icp} } @l]

1
Efd, (72, 7)) < =
[ 1= el <1

In practice, however, one is typically not interested in evaluating the metric d,, which is
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mostly of theoretical interest. Instead, it is common to take the mean of 7; as the estimate of
X; because it minimises the expectation of the squared Euclidean distance to the true value
of the signal [see e.g., 41]. The following corollary establishes the uniform convergence of
the approximate posterior mean to the exact posterior mean in the sense of the expected
Euclidean distance. For this purpose, we let X; and X* denote the means of 7; and 7,
respectively.

Corollary 3.7. If (A4’) and (1), (i), or (iii) of Theorem 3.6 holds, then there exist ¢4, ¢;3 >0
such that
E [”X’l —X'IA”] < clzexp(—clgABl) .

Proof. LetI:R% — R% denote the identity mapping and I I R% — R the projection to the
jth axis. Moreover, we use the shorthand notations X = h7'(Y;), and X; = I;(X). In this

case,
dS

E[l% -x8[] = 2 E[|mup - #2ap|]-

j=1

By the triangle inequality and the fact that X is %-measurable, one has

| (1) = #2)| < |7l a) T = X)) = 72 (e o) (I = X))

+ )ﬂi(lﬁc,-(A)(Ij _Xj))| + |ﬁiA(1Eci(A)(Ij _Xj)) , (341

where ﬁ:l‘A(lECi(A)(Ij —}?}-)) = 0. According to (A2), for all x € C;(A)

>

paz By ~hcol 2 700 - x| 2 I, - 1,00

and thus 1¢ ) (x)(I;(x) — X;) < BA for all x € R%. Therefore, it follows from (3.41) by
taking expectations that

EUni(Ij)—ﬁ:iA(Ij)HS/o’AE ||s|1|1p E[|ni¢—ﬁf¢))@i] +E[|ni(1ﬁm)(1j—;?j))|].
?llo=1
(3.42)

For the second term we observe similarly as in (3.15) that

EUﬂi(lﬂci(A)(Ij _Xj))u = E[ﬂ:i(ltci(A) ”I _X”)]

E{ f f giy () ||x = A7 (|| dy i Ki(dx) |
(D;(a)
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and for the inner integral one has by the change of variables

f gi,y(x)||x—fz;1(y)||dysf Bzl + 7)oy, (2)dz
(D;(2)

llzl>A—y

i

< cexp((—A2 +e)(A - y)Bz) ) (3.43)

The claim then follows by applying Theorem 3.6 to the first term on the right hand side of
(3.42) and (3.43) to the second term. O

3.3 Uniformly convergent sequential Monte Carlo approx-
imation

In this section, we further specify the properties of #* and obtain a general formulation
of a feasible filter approximation algorithm which can be parameterised to satisfy (A5) and
(A6). The resulting approximation is a sequential Monte Carlo algorithm which consists of
an importance sampling step and a resampling scheme. Therefore it can be regarded as a
modification of the well known SIR filter introduced in [32]. To avoid confusion, it should
be emphasised that in the following, #2 is formulated as an auxiliary particle filter (APF)
type algorithm. The auxiliary particle filter was introduced in [58] and it can be considered
as a generalisation of the original SIR filter [see e.g., 36, 35]. The approximation #* is

defined as follows:

Definition 3.8. The filter approximation 7% = (ﬁ:iA)iZO is a stochastic probability measure

valued process satisfying:

() Initialisation: Define 7ty = m, and {X’é ;V=1: where N = N(A) € N, to be a set of

independent random variables with the common distribution 7, € Mp(R%) such that
() = S20x) < W
wo(x) = —(x)< W,
0 dt,

where 0 < W < 0o. Also, define Wg = WO(Xé).

(ii) Importance sampling: For all i > 0 and 1 < j < N, define le to be a random variable

with a distribution K; ()_(l.j_l, -) such that the Radon-Nikodym derivative

a dKl.A(X, )

A 2
M i)

)
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exists, is positive for all x € C;_1(A), and satisfies sup;- HwiA”oo < 00. Also, define
W) 2 wA R, x)).

(iii) Weight update: For all i > 0, define
N A
~A A by
o= E W 5{X,},

where 6} denotes the unit point mass located at x € R% and

grxHw/w! |
Z[ ) gA(XZ)wal

”’jA
i

(iv) Resampling: For all i > 0, define P; = (P!,P?,...,PN)T € RN such that 2;\’:1 Pij =1
and
sup w;(X}) < W,
i>0
0<j<N
where W; : {Xj N | — R, is defined as w (Xj) = Wj/Pj Moreover, for all i>0and
1<j<N, the random variables {X! YL, are defined such that, if {; = (¢}, ¢2,..., ),

where
N
j & e
EPRIIEH])
=1

then there exists ¢ > 0 such that for all z = (2,,%,,...,2y)" where }zl} <1li=1,...,N,
one has
TE[({; = NP —NP)"| #] 2 <cN. (3.44)

Also, define W} = w,(X)).

The main difference between the conventional APF and 72 given in Definition 3.8 is the
appearance of the truncation radius A in step (ii). Moreover, SMC algorithms are typically
parameterised by the sample size, i.e. the number of particles, but here 7 is parameterised
by the truncation radius A, and the sample size N is defined as a function of A. The
reason for this is that if the function which maps the truncation radius into a sample size is
chosen in a certain way, then #* can be shown to satisfy (A5) and (A6) and therefore the
approximation is uniformly convergent by Theorem 3.6. It should be noted that a more SIR
filter like formulation is obtained by letting 7, = 7, and by choosing Pl.j = Wij foralli >0
and 1 <j<N.
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N
and the resampling scheme need to be specified. Before

In order to implement the approximation 7~ of Definition 3.8 the transition probabilities
indeed can be parameterised to satisfy (A5) and (A6)

K;, the resampling probabilities
doing this, let us show that #% i
Let us define o-fields 4, 56 C & as
Yo X3, X

Ao 1<n<i,1<j<N,0<m)
H 20 (Y, X1, X/, 1<Sn<i, 1<j<N,0<L<i,0<m)

i is of

J¢-measurable and according to (iii) 7

(3.45)

It follows then from Definition 3.8 that 7
1 {X]

the form (3.19) where

Z |

According to (ii) and (iv), w~ > 0, P-a.s. and thus (A5) is satisfied. Let us then consider
(3.46)

(3.47)

(A6). Because 54 _; C #_,, we can write for all i > 0
B[22 ke —vPol| ] <E[E[ |72 Ko —vio| |4 ] |
+E[ |72 KPe — a2 KRl #1],

where
Ail S Wj5
i _NZ &y

for all i > 0. This random probability measure is the approximation of r; after the resam-

Z (W) k2 o) - w/W/ o))

pling step. Because
N
it Ko —vie)
=1

(111

NzZW’ Wl (KA & )-w (XJ))(KA XL ) —w! (X‘))

Jj#t

and because
[ so(X)) ] fso(x)wA(Xl LOR(XL dx) =K p(X) )
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it follows from the conditional independence of {X] }N 1 given #_, that
[(7'511190_" (p)z|% :|

S NUSNCICEDIENR R

=1
LS (i)’ a Awiells
Sm;(Wi_l) f(cp(x)w (Xl 1,x)) K(Xl Ldx) <wW ~

and finally by Jensen’s inequality

el

3.48
Wi (3.48)

E[)ﬁiA—lKiA‘P_ViA‘P”%_?—l] =

For the second term in the right hand side of (3.46), one can check that if i = 0, then

w
ZA _A
EU”i LA ‘PH%;J Sﬁ'
For all i > 0, we define W; = (W, W2,..., WM, &, = (o(X]), p(X3),..., (X)) and
W, € RN*N as a diagonal matrix with the elements wi(xil ),wi(xf), e ,wi(Xf.V) on the diag-
onal. In this case, ¢ = W'®;, g = ~{IW®;, W; = W;P,, and thus according to (iv),
there exists ¢ > 1 such that

E[(ﬁ:iALp - ﬁiAip)z) %] = %égE[(Wigi —NW)(W,¢; _NWi)T) %J ®

= i<I>TWE|:(§. —NP)({; _Np.)T| 3@] WTe. < W_ZC
N2 i i i i i i i=

>

where the inequality follows from the fact that ¢ (X l] )Wij /W < 1. Again by Jensen’s inequal-
ity it follows that for all i > 0

VW

. 3.4
Wi (3.49)

E[|7te —ale]| #] <

Because sup;.,o SUP||y||.<1 ”Kl.Acp”OO <1 and according to (ii) sup;. HwiA”OO < 00, it follows
by the substitution of (3.48) and (3.49) into (3.46) that there exists ¢’ = ¢/(A) > 0 such
that ,
sup EHTE KiAap—viAapH%}_lJ < cla , (3.50)
llell =1 N
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for all i > 0. Consequently, (A6) holds if

N(A) > (C/IE/E)

2
) exp (2a4Ab2) . (3.51)

In conclusion, the particle filter of Definition 3.8 is uniformly convergent if the sample size

N increases sufficiently fast as A — oo.

3.3.1 Resampling scheme

The conditions imposed on the resampling scheme in (iv) of Definition 3.8 are similar to
those given in [15] with the exception that here the resampling algorithm is applied to the
probabilities Pl.j that in general are allowed to be different from the weights Wij . This dif-
ference enables the APF type formulation. Following the typical terminology in the particle
filtering related literature, the interpretation of the random variable ¢ f is that it equals the
number of offspring produced by the jth particle at time i. If one chooses P, = W;, then (iv)
implies that the numbers ¢ { are approximately proportional to the weights W, i.e.

1Y, .
~A~_§ is
’/Ti NN ' lglé{XzJ}

=

If P, # W, then the numbers of particle duplicates are approximately proportional to P,, i.e.

N N
. 1 .
ES J o J .
P2 Ploy - > L5y
j=1 j=1

According to the principle of the importance sampling, {; can still be used for approximating
ﬁiA if the numbers C{ are compensated by appropriate weights. These weights should be
equal to the Radon-Nikodym derivative d7t2*/dP which is precisely the function w; defined
in (iv) and therefore the approximation T_El.A given in (3.47) is obtained.

The simplest resampling scheme satisfying (iv) is the multinomial resampling method. In

this case {; is a random variable with a multinomial distribution, i.e.

P(gil=n11§i2:n21""§{'v:nN): | )
npin

N! . ) )
ﬂ(ml )Tll (WiZ)nz - (M/iN)nN )

The proof that the multinomial resampling scheme satisfies (3.44) is simple and can be
found, e.g. in [15, page 28]. In practice, the multinomial resampling algorithm is imple-
mented by letting )_(g , 1 <j < N be an independent random variable with the distribution
N

.
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Another resampling scheme which satisfies (iv) is the tree based branching algorithm
(TBBA) described in [15]. The proof that TBBA satisfies (3.44) is somewhat more involved
but can also be found in [15].

Several other resampling schemes have been proposed in the literature as well. The
stochastic universal sampling described already in [6] has been later proposed to be used
as a resampling method in SMC algorithms [see e.g., 13, 3]. Very similar, but entirely
deterministic resampling scheme was described earlier in the SMC context in [42] under
the name deterministic resampling. Also the so called stratified resampling scheme was pro-
posed in [42]. Regarding the stratification, it should be noted that the stratified resampling
algorithm described in [42] represents only one possible stratification but in general strat-
ification can be done in a number of ways [see e.g., 14]. For more details on the choice
of the stratification, see e.g. [35]. Another commonly used resampling scheme is the resid-
ual resampling method described in [48]. In theory, &2 is uniformly convergent for any
resampling method which can be shown to satisfy the conditions imposed in (iv) of Defini-
tion 3.8. Of all the resampling methods mentioned above this can be done at least for the
multinomial resampling method and the TBBA.

3.3.2 Importance distribution

The only essential difference between #“ and the conventional APF is the requirement
imposed by the assumption (A5) that the importance distribution specified by the transition
probabilities K; must assign zero probability to the set CC;(A). To see that this is not the case
with the conventional APF in general, it suffices to consider a signal model with Gaussian
noise. As a general rule for specifying an importance distribution satisfying (A5), we define
for all x € R%

Ri(x,)= Pi1z)(), (3.52)

where Pj-1(;) denotes the distribution of the random variable fli_l(Z ), and Z is a random
variable with a uniform distribution on the Y; centered ball of radius A. This choice of K;
obviously satisfies (A5). Moreover, by assuming that for all x € R%, one has |det(i~1§(x))| >
0, where Eg(x) denotes the Jacobian matrix of f; at x € R%, the density Px of the random

variable X l] with respect to A4_satisfies
Py (X) = T ) ()l deth(x)|/Vy (A).
According to (A2),

|detf(x0)| ™ = det(R(x)) ™" = det(; ) (hi(x)) < d,1B%,
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and thus, 5
Vg (A)1c,a) (Y ki(x, ¥) -

A% (3.53)

Al —
ol = 2, T e
i>0
for some ¢’ > 0. The substitution of this approximation into (3.51) yields a lower bound
for the sample size N(A) which ensures (A6).
The importance distribution described above is specified by the transition probability
K. which is independent of its first argument. This is fairly uncommon in APF algorithms
as it is more common to have, e.g. K'l- = K; which however does not satisfy (A5). On the
other hand, it has been acknowledged in the SMC related literature that the importance
distribution should be adapted. This terminology is taken from [58], and it means that
the importance distribution should depend on the latest observation. This is precisely what
happens with the transition probabilities K; described above, as the random variables X l]
are generated in the compact neighborhood of the preimage of Y;. To be able to do this, we
pay the price of assuming the existence of the bijective mapping h; which in many practical
applications does not exist. It should also be noted that the given importance distribution
only requires the ability to evaluate fz;l and simulate a random variable on a d,-dimensional
unit ball. This random sample generation is feasible in high dimensions without resorting to
the rejection method. Details on generating these random variables can be found e.g. in [24,
Theorem 4.3, page 229].

3.4 Numerical experiments

In this section, Theorem 3.6 and Corollary 3.7 are illustrated by some numerical experi-
ments. Two simple filter frameworks are considered and the particle filter of Definition 3.8
employing the multinomial resampling scheme and the importance distribution proposed in
Section 3.3.2 is applied to both of the filter frameworks.

In the first experiment a linear-Gaussian model is considered. It is well known that in
this case for all i > 0, 7, is equal to a normal distribution whose mean and covariance can be
computed exactly using the Kalman filter recursion. Therefore, numerical approximations
of  in this case are not of any practical interest. On the other hand, the possibility to
compute 7 exactly enables us to compute also the error of the approximation 7~ exactly.
This is the motivation for considering the linear-Gaussian case.

In the second experiment, the uniformly convergent approximation is applied to a non-
linear model with Gaussian noise. In this case, the filter and therefore the approximation
error cannot be computed exactly and therefore a conventional SIR filter with a large sample
size is used as a reference to which the solution of the uniformly convergent approximation

is compared.
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Figure 3.2: Approximate mean errors and average mean errors for the linear-Gaussian
model.

Although both of the above mentioned frameworks assume Gaussian noise distributions
it should be emphasised that this is not required by Theorem 3.6. Indeed, the distributions
could be also e.g. mixtures of Gaussian distributions, double exponential distributions or
convolutions of these distributions with distributions that have a bounded support.

3.4.1 Linear model

Let N (x, y) denote a normal distribution with mean x and covariance y. Suppose that
Xy ~N(0,1)and foralli>0

Xi=Xi1tW,

Y, = 4%, 4V,

where V; ~ N(0, 1) and W; ~ N(0, 2) independently for all i > 0. In this case, X is a
nonergodic and time homogenous Markov chain [see e.g., 50, pages 311-316] and it can be
shown that this model satisfies the conditions of Theorem 3.6.

The approximation error is considered in the sense of Corollary 3.7. Although the Eu-
clidean distance between the approximate and the exact mean can be computed exactly
in the linear-Gaussian case, the computation of the expected value of the distance is in-
tractable. Therefore the expected error was approximated using the Monte Carlo method,
ie.

Nobs
1 7] _ A

[ —%2||] me(a) = — > |I%) - X

Nobs j=1

>

where X; and X l.A denote the exact and the approximate posterior mean at time i, respec-
tively, and X/ and X/ denote the jth realisation of the exact and the approximate posterior
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Figure 3.3: Approximate mean errors for the linear-Gaussian model.

mean at time i, respectively. Moreover, N,,, € N denotes the number of data sets used for
approximating the expected distance.

Instead of specifying the sample size N as a specific function of A, the numerical exper-
iments were done for all (A,N) € 9 x A where

N = {10%,10%,10%,10°}
9 = {0.625, 1.250, 1.875, 2.500, 3.125, 3.750, 4.375, 5.000}.

The set A was chosen such that the computational cost of evaluating fciA was reasonable
and the definition of 7 is based on experiments and it was chosen such that the effect of A
and N is well illustrated by the experiments.

Figure 3.2 shows the results of the experiment. In Figure 3.2(a) the approximate mean
errors for N, = 50 are illustrated on the time interval 1 <i < 1000 for four different pairs
(A,N). The results are consistent with Theorem 3.6 and Corollary 3.7 as e;(A) appears to be
nearly independent of i and therefore uniformly bounded in time. Moreover, this uniform
bound decreases as A and N are increased. Figure 3.2(a) suggests that the time average of

e;(A), i.e.
T

1
e(A)2 2D ei(A),

i=1
where T is the length of the simulation, is a relatively good approximation of the uniform
bound for the expected error. Figure 3.2(b) shows the approximate average mean errors for
all (A,N)e g x A.

It is observed that the twofold construction of the approximation #“ can be seen in
Figure 3.2(b) as for A < 3, the average error e(A) appears to reach a level which cannot be
improved by increasing the sample size. This level represents the error of the truncated filter
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Figure 3.4: Approximate mean errors and average mean errors for the nonlinear model.

72 and therefore the approximation 7%, which after all is an approximation of m* rather
than 7, cannot outperform 72. Also, it is observed that in order to ensure the convergence
to zero, it is not sufficient to increase only A and keep N fixed. This is illustrated in Figure
3.2(b) as for each fixed value of N the average error curve appears to be increasing for
sufficiently large values of A.

Because the study of uniform convergence is motivated by the interest in the behaviour
of the error for long time intervals, the filter in the linear-Gaussian case was also approx-
imated on the time interval 0 < i < 10°. The results of this experiment are illustrated in

Figure 3.3 and they appear to be in accordance with Theorem 3.6 as well.

3.4.2 Nonlinear model

Suppose that X, ~N(0, 1) and for alli > 0

1 25X;_;
X;==X +—
1+X2,

2 +8cos(1.2i) + W,

Y, = 4X, + 4sin(2X;) + V,,

where V; ~ N(0, 0.006) and W; ~ N(O, 2), independently. This signal model is adapted
from the popular example of [42]. In this case, m cannot be computed exactly because of
the nonlinearity of f; and h;. Therefore, in order to approximate the error, a conventional
SIR filter with sample size N = 10° was used as a reference. The implemented SIR filter used
the signal transition kernel for the importance distribution and it employed the multinomial

resampling scheme. The experiment was otherwise similar to the linear case, except that
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this time we defined
9 = {3.25, 3.50, 3.75, 4.00, 4.25, 4.50, 4.75, 5.00}.

Again, this choice of 2 was based on the experiments and it was chosen to provide a good
illustration of the effect of A and N. The results of the experiment are shown in Figure 3.4.

Figure 3.4(a) shows the approximate mean errors for four different pairs (A, N) and Fig-
ure 3.4(b) shows the approximate average mean errors for all (A,N) € 2 x 4. Also for the
nonlinear case, the results appear to be in accordance with Theorem 3.6. In Figure 3.4(b),
the average error decreases rapidly for all values of N when A &~ 4. This phenomenon
can be explained by the bounded component h;(x) = 4sin(2x) in the observation model.
Roughly speaking, the function h; causes the likelihood function g; to be multimodal but the
distance between the modes is bounded. When A ~ 4 or greater, all the modes are included
in the set C;(A) but for A < 4 some of the modes may remain outside C;(A) and therefore
the error is large. Moreover, it should be noted that according to Figure 3.4(b), the error
for A < 4 appears to be due to the truncation as the average error is nearly independent of
the sample size N.

According to Definition 3.8 the computational cost of the uniformly convergent particle
filter should be approximately the same as for the conventional SIR filter. Some extra cost
may of course be introduced by the requirement that the samples are simulated inside the
set C;(A) but for example in the nonlinear framework described above, the evaluation of
the uniformly convergent particle filter was approximately 1.2 times the time of the SIR

filter with the same sample size.



Chapter 4

Conclusions

This thesis has addressed two important problems related to the stochastic discrete time
filters, namely, the stability of the filter with respect to its initial conditions and the uniform
convergence of certain filter approximations. In this chapter, the main results of this work
are reviewed accompanied by some discussion about the conclusions of the results.

This chapter is organised as follows. Section 4.1 consists of discussion about the general
conclusions regarding the stability results and in Section 4.2 a similar discussion about the
uniform convergence results is given. Finally, some topics for future research are pointed

out in Section 4.3.

4.1 Stability

Regarding the stability of the discrete time filter, it was shown that with relatively weak
assumptions on the signal process the filter is stable provided that the observation geome-
try is good enough and that the tails of the observation noise distributions are sufficiently
light compared to the tails of the signal noise distributions. The sufficiently good observa-
tion geometry in this case means the conditions of the assumption (A2). Roughly speaking,
the existence of the bijective component fli implies that the observations carry information
about all dimensions of the state space. Moreover, the assumption that fz;l is uniformly
Lipschitz can be interpreted to mean that the information content of the observations is
bounded from below. If the Lipschitz coefficient § was allowed to increase, the observations
might eventually tell nothing about the state of the signal. Consider for example a constant
function h; independent of X;. To some extent the assumption (A2) can be regarded also
as an analog of the observability condition in the stability analysis of the linear filters. Un-

71
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fortunately, it should be acknowledged that many interesting practical applications do not
satisfy the assumption (A2).

Perhaps the most important conclusion regarding the stability is that for the observation
model

Yizhi(Xi)+a‘/i’ ae(O,oo)

it is not in general necessary that a be small. Indeed, Theorem 2.15 states that the filter is
stable for arbitrarily large a provided that the tails of the observation noise are sufficiently
light compared to the tails of the signal noise distributions. Only in the case that the tails
are equally heavy is a required to be small. This observation was originally made in [56]
but the result has been further extended in this work. The approach used here also provided
explicit rates for the convergence of the error in the almost sure sense. Unfortunately, these
convergence rates are not exponential and therefore a comparison with the results given
in [12] suggests that the rates given by Corollary 2.16 are not optimal.

The majority of the literature regarding the filter stability is involved with proving the
sufficiency of certain conditions for the stability but it is equally important to establish neces-
sary conditions as well. To the author’s knowledge, the only general result on the necessity
of conditions is the stabilisability and detectability conditions for the mean and the covari-
ance process of the linear filter. However, the stability of the mean and the covariance
process is not equivalent to the stability of the corresponding probability measure valued
process in the total variation distance. For example, two random walks starting from differ-
ent initial values have a time invariant mean which is equal to the initial value. Therefore
the mean process is not stable but because of the increasing covariance the total variation
distance between the two processes vanishes. Therefore the stabilisability and detectability
are not necessary for the stability in total variation.

It is a simple task to give an example of an unstable filter in some degenerate case,
but for more interesting applications the task is challenging. It is natural to ask if the
analysis given in Chapter 2 could be extended to obtain some necessary conditions as well.
Unfortunately, this seems to be impossible. The reason for this is that most of the analysis
consists of deriving upper bounds for the error, but in order to find necessary conditions one
is in fact interested in finding lower bounds. Therefore the majority of the analysis is not of
any interest when proving necessary conditions. Already the starting point of the analysis,
i.e. the fundamental idea of using the Dobrushin ergodic coefficient is problematic because
only an upper bound for the distance between the images of the Markov operation is given
by the ergodic coefficient and for the necessity one would need a lower bound. Therefore
it seems that in order to prove necessary conditions for the stability, entirely original ideas
are needed.



4.2. UNIFORM CONVERGENCE 73

4.2 Uniform convergence

Chapter 3 focused on proving the uniform convergence of filter approximations. The ap-
proach was very similar to the one in [56] but the analysis was extended to provide general
sufficient conditions for the uniform convergence of filter approximations. These conditions
were given by (A5) and (A6). Roughly speaking, (A5) implies that the approximating algo-
rithm has a certain structure and (A6) implies that the approximation has some convergence
properties. To be more specific, it follows from (A6) that for each time step the prediction
distribution of the approximate filter, i.e. fCiA_ 1Kl.A is approximated well enough. To some
extent, (A6) is similar to the conditions given in [15].

Moreover, it was shown that the conventional SIR filter or the APF with some simple
modifications satisfy (A5) and (A6) if the sample size N is defined as a sufficiently fast
increasing function of the truncation radius A. More explicitly, it was shown that there exist
c,c’ > 0 such that if

N(A) > cexp(c'Ab),

then A2 is uniformly convergent. Because the computational cost of the SIR filter is de-
termined by the sample size, this lower bound for the sample size can be substituted into
the convergence rate provided by Theorem 3.6 yielding a convergence rate of the form
cexp(—c’(lnN/c”)Bl/bZ) for some c,c’,c” > 0. This rate is the effective rate of convergence
in the sense that it represents the error as a function of N which in turn represents the
computational cost of evaluating the approximation. In particular, it is observed that in the
case B, = b, the convergence rate is of the form ¢N~ for some c,¢’ > 0. It is natural to
ask for a faster rate of convergence but it should also be kept in mind that this convergence
rate is derived for an algorithm based on the Monte Carlo method and therefore it is not
expected to outperform the convergence rate of the classical Monte Carlo integral.

All the constants required for computing numerical bounds for the approximation error
of the uniformly convergent particle filter can be evaluated or at least approximated. How-
ever, the resulting bound for the error is expected to be unnecessarily loose and therefore
Theorem 3.6 and Corollary 3.7 cannot be used for obtaining reasonable bounds for the
errors in practice.

In order to implement the uniformly convergent particle filter described in Section 3.3
the importance distributions need to be defined in such a manner that the conditions of
Definition 3.8 are satisfied. An example of such a choice of importance distributions was
given in Section 3.3.2 but also the rejection method can be used for drawing samples from
the set C;(A). In this case, the computational cost of the algorithm becomes random and
therefore the uniform convergence can be obtained only with respect to the expected com-

putational cost, provided that the rejection rate is uniformly bounded with respect to time.
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A uniform bound for the rejection rate can be ensured e.g. if the rejection method is used for
drawing samples from the Y; centered ball with radius A instead of C;(A) directly. This is
because the randomness of the algorithm in this case is entirely due to the rejection method
and independent of the observations. If the samples are generated according to the signal
transition probabilities and the rejection method is used for obtaining a sample from C;(A),
then the rejection rate and thus the expected computational cost also depend on the obser-
vations. In this case, the uniform bound for the rejection rate has to be proved separately.

This proof has not been given in this work or in [56].

4.3 Research directions

So far the stability of the filter has been established in the literature under three different
types of conditions: sufficiently well behaved signal, sufficiently accurate observations, or
sufficiently light tailed observation noise. None of these conditions are necessary. It is a chal-
lenging problem of great interest to obtain a general result stating what sort of conditions
are necessary for the stability of the filter.

The uniform convergence was considered in this work in the mean sense. From the
practical point of view it would be of greater interest to establish the convergence in the
almost sure sense. Although the problem has not been addressed in this work, it seems
reasonable to believe that uniform convergence in the almost sure sense cannot be obtained
for SIR filters. However, it also seems plausible that uniform convergence can be obtained
for a sample size with a modest growth. Modest in this case means for example logarithmic.
This statement is of course speculation and its verification, if possible, is left for future

research.
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