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Phase Noise, CFO, and IQ Imbalance in GFDM
Full-Duplex Transceivers
Amirhossein Mohammadian , Student Member, IEEE, Chintha Tellambura , Fellow, IEEE,
and Mikko Valkama , Senior Member, IEEE

Abstract—This article investigates a full-duplex base station
using a generalized frequency division multiplexing (GFDM)
transceiver with the radio frequency (RF) impairments including
phase noise, carrier frequency offset (CFO) and in-phase (I) and
quadrature (Q) imbalance. To fully focus on the RF impairment
issue, we study the simple configuration of single uplink user and
single downlink user. They both are half-duplex wireless. In the
uplink, we study analog and digital self-interference (SI) cancellation and propose a complementary SI suppression method. Desired
signal and residual SI powers and signal-to-interference ratio (SIR)
are derived in closed form. Similarly, in the downlink, we derive
desired signal power, co-channel interference signal power caused
by the uplink user and SIR. The RF impairments degrade the
efficiency of SI cancellation and affect GFDM more negatively than
full-duplex orthogonal frequency division multiplexing (OFDM).
Hence, we propose full-duplex GFDM receiver filters for maximizing the SIR for both uplink and downlink transmissions. Finally, the
uplink and downlink rates and the uplink-downlink rate region are
derived. Significantly, the optimal-filter based GFDM outperforms
full-duplex OFDM by 25 dB higher SIR and an uplink rate increase
of 500%.
Index Terms—Full-duplex radios, generalized frequency
division multiplexing (GFDM), radio frequency (RF) impairments,
signal-to-interference ratio (SIR), filter design, rate region.

I. INTRODUCTION
A. Background and Motivation for GFDM and Full-Duplex
ITH the development of full-duplex radios, the simultaneous transmission and reception on the same frequency
band can potentially double the network capacity, reduce network delay, and improve network secrecy and the flexibility
of spectrum use [1]. However, fifth generation (5G) wireless
is a paradigm shift in throughput, latency, and scalability (100
times faster) vis-a-vis the current fourth generation long term
evolution (4G-LTE) standard, which uses orthogonal frequency
division multiplexing (OFDM). However, OFDM can be overly
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sensitive to synchronization errors and produce high out-of-band
emissions. Moreover, OFDM may not be able meet the physical
layer requirements for future services such as massive machinetype communication for the Internet of Things.
Thus, future wireless standards may be supported by generalized frequency division multiplexing (GFDM) [2]. Unlike
OFDM, GFDM deliberately allows for non-orthogonal subcarriers, which however creates mutual interference [3]. Indeed,
GFDM allows a trade-off between this interference against
several benefits. They include digital implementation of filter
banks, low peak-to-average power ratio (PAPR) which reduces
the hardware cost and power consumption, low out-of-band
emissions, high spectral efficiency and low latency [3]. Due to
these advantages, GFDM has recently been extensively investigated for cognitive radio networks [4], [5], space-time coding
systems [6], filter designs [7], Internet of Things [8], and optical
Networks [9]. GFDM also allows for the optimization of pulse
shaping filters to enhance desirable performance metrics. Thus,
GFDM presents a potential alternative that may achieve the
performance targets of 5G wireless and beyond.
In principle, full-duplex base-stations can double spectral efficiency by simultaneously communicating with downlink uplink
users over the same band (for cellular full-duplex radios see [10],
[11] and references therein). The users can be full-duplex or
half-duplex. However, these base stations experience strong
self-interference (SI) signals, and the downlink users experience
co-channel interference from uplink users. Due to these interference effects, the actual spectral efficiency gains diminish, and
it is important to establish the achievable gains. Fortunately,
research on full-duplex radios is already appearing. For example, [12] develop estimating and cancelling interference terms to
improve the spectral efficiency. In [13], interference alignment
is deployed to address the mutual interference. Moreover, the
impact of full-duplex radios can be incorporated into other
emerging technologies such as massive MIMO (multiple input
multiple output). For instance, [14] and [15] consider full-duplex
massive MIMO base stations and investigate beam-domain
representation of channels and energy harvesting, respectively.
Note that this list of papers is not exhaustive, but rapidly
evolving.
However, potential spectral efficiency gains of full-duplex
radios will erode due to the presence of radio frequency (RF)
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impairments. Further, comparative evaluations of GFDM and
OFDM are needed. These are the goals of this paper.
B. The Problem of Self-Interference
However, full-duplex radios are fundamentally limited by
self-interference (SI), which can be as high as 100 dB above the
noise floor of the local receiver [16]. Thus, SI must suppressed
by passive or active cancellations. However, passive methods
include spatial isolation, directional separation, and antenna
decoupling [17]. In contrast, active cancellation can be analog
or digital [18]. Active analog cancellation injects a cancelling
signal to the receive signal in order to suppress SI. This injection
can be done at RF or at the analog baseband. In contrast,
with active digital cancellation, reconstructed digital samples
are subtracted from the quantized received signal. It however
requires the estimation of the SI channel and the knowledge of
transmitted data.
However, even with these cancellation methods, residual
SI remains 15 dB higher than the receiver noise floor [19].
One reason is the RF impairments. Phase noise [17], carrier
frequency offset (CFO) [20] and in-phase (I) and quadrature
(Q) imbalance [21] are three major RF imperfections which
introduce inter-carrier interference and inter-symbol interference. The interference terms affect the performance of the
system, e.g., reducing the link capacity. By modeling RF impairments with transmit and receive independent Gaussian distortion
noises, [22] studies massive MIMO full-duplex relaying and
shows that spectral efficiency is reduced in the presence of
the RF impairments. These may be due to aging and low-cost
components such as oscillators, which introduce short term
phase fluctuations (phase noise). Furthermore, with multicarrier
modulations such as GFDM and OFDM, CFO between the
incoming signal and the local oscillator results in inter-carrier
interference. Moreover, IQ imbalance generates an image signal
which is about 25 dB below the desired signal [23] but will
be an interference nevertheless. Throughout this paper, unless
otherwise stated, GFDM and OFDM refer to GFDM full-duplex
radio and OFDM full-duplex radio, respectively.
C. RF Impairments on Full-Duplex OFDM and GFDM
Impact of RF impairments on OFDM full-duplex transceivers
has been widely studied. References [17] and [24] clearly show
that phase noise impairs SI cancellation, e.g., 30 dB SI increase
due to phase noises of two independent oscillators (for up/down
conversions). Reference [21] proposes widely-linear digital SI
cancellation to compensate for IQ imbalances. Furthermore,
the SI and desired channels can be estimated under IQ imbalance [25], and an optimal pilot matrix is proposed. CFO estimation given IQ imbalances is studied in [20]. The collective impact
of phase noise and IQ imbalance is investigated in [26]; it is
found that with perfect digital domain cancellation, the average
SI power increases linearly with 3-dB phase noise bandwidth
and IQ image rejection ratio (IRR). Moreover, [23] develops
the maximum likelihood estimates of the intended channel, SI
channel and RF impairments including the IQ imbalance, power
amplifier non-linearity and phase noise.
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The rate region of the OFDM full-duplex transceiver is analyzed in [27]–[29]. In [27], rate regions of half-duplex and
full-duplex OFDM are compared, and several power allocation
algorithms are proposed. Moreover, the achievable sum rates of
half-duplex and full-duplex OFDM in the presence of non-ideal
conditions are studied in [28]. In [29], phase noise impact on
digital cancellation capability of full-duplex OFDM is analyzed
in terms of the interference-to-noise ratio, common phase error
and the channel estimation error, and the achievable rate region
is investigated.
Unlike OFDM, GFDM uses non-orthogonal sub-carriers and
a pulse shaping filter covering several time-slots. Therefore, the
latter may be more affected by RF impairments than the former.
Thus, is it better to use GFDM than OFDM? For GFDM halfduplex radios, this question has been somewhat investigated.
For example, the collective impact of timing offset, CFO and
phase noise are studied in [30], and an optimal filter in presence
of CFO is designed in [31]. Joint channel and IQ imbalance
estimation is considered in [32], which develops an IQ imbalance
compensation scheme. The CFO estimation problem for GFDM
system is studied in [33], [34] and CFO cancellation techniques
are proposed.
D. Problem Tackled in This Paper
On the other hand, for GFDM full-duplex radios, such studies
are few and far between. For instance, [35] proposes a digital
interference cancellation scheme and derives SI power. But it
does not consider analog SI cancellation nor analyze the effects
of the RF impairments. Furthermore, to the best of our knowledge, a base-station GFDM full-duplex transceiver has not been
investigated by considering analog and digital SI cancellations,
phase noise, CFO and IQ imbalance. Moreover, the optimization
of its performance by designing optimal transmitter and/or receiver filters against RF impairments, which also determine the
rate region of it, has remained elusive. These issues have never
been investigated as far as we know.
Some preliminary results on these issues can be found in [36],
where we model and analyze the GFDM full-duplex transceiver
with RF impairments including phase noise, CFO and IQ imbalance for both analog and digital cancellations. Moreover,
a receiver filter to maximize the desired signal-to-interference
ratio (SIR) for the uplink is proposed. In this current paper,
we greatly extend [36] and model a system with both uplink
and downlink transmissions and consider the impact of channel
estimation error, as well. Moreover, the differences from [36]
include optimal filter design problems for maximizing the SIR
in uplink and downlink and the analysis of the uplink-downlink
rate region given RF impairments.
E. Contribution of This Article
In this paper, we study the performance of the GFDM fullduplex transceiver with phase noise, CFO and IQ imbalance.
The transceiver is part of the base station serving an uplink user
and a downlink user at the same time and frequency (Fig. 1).
However, the two users are half-duplex nodes. Since our main
goal is to provide a comprehensive modeling and analysis of the
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filters. Section V derives uplink and downlink rates and solves
the rate-region optimization problem. Section VI provides simulation and numerical results to verify the accuracy of the derived
results. Finally, Section VII provides the concluding remarks.
II. SYSTEM MODEL

Fig. 1.

System model.

transceiver with the RF impairments, we consider two users only.
Multi-user scenario are also interesting but are left for future
work. The transceiver gets the uplink user signal and leaked
own SI signal. Moreover, the received downlink signal contains
the base-station intended signal and the uplink co-channel interference signal. These SI, desired and interference channels
are modeled as frequency selective, a natural assumption for
high data rate systems, where channels become frequency selective. The base-station has two independent local oscillators
for up/down conversions and both of them incur IQ imbalances.
Moreover, we assume that the uplink user has no RF impairments
and downlink user suffers from CFO mismatch only.
More specifically, the following contributions are made:
r We fully model the GFDM full-duplex transceiver with
phase noise, CFO and IQ imbalance. Both analog and
digital SI cancellation stages are included to develop a
complementary digital SI cancellation method.
r In the uplink, we derive residual SI power after analog and
digital SI cancellations and desired signal power given the
RF impairments. Furthermore, in the downlink, we derive
desired signal and co-channel interference signal powers.
r We also derive SIR for both uplink and downlink. We find
that GFDM transceiver is more sensitive to the RF impairments than OFDM transceiver. To mitigate this problem,
we design optimal receiver filters to maximize the SIR of
the GFDM transceiver.
r Rate region is an important concept and refers to the
ordered pair of the downlink data rate and uplink data
rate. In our problem, these two are mutually dependent
because the transmit powers affect both SI and co-channel
interference. We derive the rate region by maximizing
the uplink rate under the constraint of constant downlink
rate. An algorithm for the rate-region computation is also
developed.
r All the theoretical derivations are verified with simulation
results. Full-duplex GFDM and OFDM transceivers are
comparatively evaluated. It is worth mentioning that the
collective impact of phase noise, CFO and IQ imbalance
has not been investigated previously.
This paper is organized as follows. Section II presents the
system model. Section III analyzes the power of uplink and
downlink signal components. Section IV formulates the SIRs
of uplink and downlink and develops SIR-maximizing receiver

As mentioned before, the considered system (Fig. 1) consists of a full-duplex base-station equipped with single separate
transmit and receive antennas for serving an uplink user (U2 )
and a downlink user (U1 ), simultaneously. The system suffers
from phase noise, CFO and IQ imbalance. To alleviate SI, we
consider analog (RF) linear cancellation and baseband digital
linear cancellation. The U2 transmitter has no phase noise nor
IQ imbalance impairments. Moreover, the U1 receiver has no
phase noise and IQ imbalance but has a CFO mismatch. These
simplifying assumptions are made in order to isolate and focus
on the effects of RF impairments and SI cancellation on the
GFDM transceiver. However, U1 and U2 may also have various
RF impairments. The evaluation of their impact is left for future
works. In the following, we analyze the system in detail.
A. Uplink Transmission
The base-station GFDM transceiver generates the transmit
signal for M time-slots with K subcarriers. For one symbol
time, the discrete GFDM signal may be expressed as
x[n] =

−1
M

√ K−1
j2πkn
α
dk,m gm [n]e K , 0 ≤ n ≤ M K − 1
k=0 m=0

(1)
where α is average transmit power, {dk,m } are independent
and identically distributed (i.i.d.) complex data symbols with
zero mean and unit variance and k is the subcarrier index
and m is the time-slot index and gm [n] = g[n − mK]M K is
a circularly shifted version of normalized prototype filter g[n]
 K−1
|g[n]|2 = 1). A cyclic prefix is added and digital-to( M
n=0
analog conversion is performed. The analog baseband signal,
x(t), is passed through the IQ mixer. I-and Q-branch amplitude
and phases mismatches create an undesired signal, which is the
mirror image of the original signal. Thus, the IQ mixer output
may be written as [21]
xIQ (t) = (gT x,d x(t) + gT x,I x∗ (t))ejφT x (t)

(2)

∗

where (.) indicates complex conjugate, gT x,d and gT x,I are
the transmitter IQ mixer responses for the direct and image
signals, respectively, and φT x (t) is random phase noise of the
local oscillator of the transmitter side. The transmit signal is
amplified with a high gain amplifier and sent over the wireless
channel. However, part of it appears as SI in the base-station
local receiver. Consequently, the received signal in base-station
from U2 could be expressed as
ŷ(t) = s(t) ∗ h2 (t) + xIQ (t) ∗ hSI (t) + w2 (t)

(3)

where ∗ denotes the convolution, s(t) is uplink transmit signal
from U2 to base-station, h2 (t) is the uplink multipath channel, hSI (t) is the multipath coupling channel between the local transmitter and the receiver of base-station, and w2 (t) is
the additive Gaussian noise with zero mean and variance N0 .
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The samples of GFDM signal s(t) may be expressed by (1) with
αs being the average transmit power and with i.i.d. input symbols
of {dsk,m }. To suppress the SI signal, analog linear cancellation
is applied by subtracting the reconstruction signal. Thus, the
resulting signal may be expressed as

demodulator where the estimated symbol at k -th subcarrier and

m -th time-slot is

y(t) = s(t) ∗ h2 (t) + xIQ (t) ∗ hRSI (t) + w2 (t)

where fm [n] = f [n − mK]M K is circularly shifted version of
receiver filter impulse response f [n]. Finally, to further decrease the residual SI signal, we can use the classical digital
linear cancellation [21]. This method utilizes the replica of
transmitted symbols, dk, m , and estimation of the equivalent
residual SI channel, ĥIRSI [n, l], and then generates and subtracts
digital cancellation symbols from the demodulated symbols.
Furthermore, [21] shows that after the classical digital linear
cancellation, conjugate SI signal is the dominant source of
distortion. Thus, it proposed widely-linear digital SI cancellation
method [21] in which SI image components are also attenuated.
This method can be done in similar manner as classical digital
linear cancellation by this difference that the replica of conjugate of the transmitted symbols, d∗k, m , and estimation of the
equivalent image residual SI channel, ĥQ
RSI [n, l], are utilized to
generate digital cancellation symbols. In this paper, we adopt
this for full-duplex GFDM and refer to the combination of
classical digital linear cancellation and widely-linear digital SI
cancellation as complementary digital linear cancellation. The
output of complementary digital linear cancellation could be
expressed as

  SI,im
 SI
DLC,i
DLC
+
R
=
R
−
R
−
R
ds,C−DLC










k, m
k, m
k, m
k, m
k ,m

(4)

where hRSI (t) = hSI (t) − hALC (t) is residual SI channel
where hALC (t) is estimate of the the multipath coupling
channel. The subscripts RSI and ALC denote residual selfinterference and analog linear cancellation. Empirically, 30 dB
SI attenuation is possible with analog SI cancellation [24].
Next, y(t) goes through the receiver IQ mixer which, similar to
transmitter, has IQ imbalances and produces the image signal.
Moreover, we consider CFO between the local oscillators of the
transmitter and receiver of base-station. Thus, the signal at the
output of the IQ mixer is written as
yIQ (t) = gRx,d y(t)e−jφRx (t) ej2πΔf t
+ gRx,I y ∗ (t)ejφRx (t) e−j2πΔf t

(5)

where gRx,d and gRx,I are the receiver IQ mixer responses for
the direct and image signals. φRx (t) is random phase noise
of the local oscillator of the receiver side and Δf indicates
the difference between carrier frequency of the receiver and
transmitter local oscillators.
IRR quantifies the quality of the IQ mixer which is defined
as the ratio between the powers of the IQ mixer response of
|gRx,I |2
the image and direct signals IRRRx = |gRx,d
|2 [21]. According
to (2), (3)
and (5) and assuming L-tap propagation channels
(h[n] = L−1
l=0 hl δ[n − l]), the sampled signal could be expressed as
yIQ [n] =

L−1


∗
hIRSI [n, l]x[n − l] + hQ
RSI [n, l]x [n − l]

l=0
Q
∗
I
+ hI2 [n, l]s[n − l]+hQ
2 [n, l]s [n − l]+w2 [n]+w2 [n]
(6)

where equivalent channel responses for individual signal components can be written as
hIRSI [n, l] = gT x,d gRx,d hRSI,l ej(φT X [n−l]−φRX [n]) e

∗ jφRX [n]
hQ
e
2 [n, l] = gRx,I h2,l e

w2I [n] = gRx,d e−jφRX [n] e
w2Q [n] = gRx,I ejφRX [n] e

j2πn
K

−j2πn
K

n=0

−j2πk l
K

L−1 M
K−1

√ ∗
∗

αdk, m
ĥQ
RSI [n, l]fm [n]gm

[n−l]e

where  is the normalized CFO by subcarrier spacing. Before deploying digital linear cancellation, the samples are sent to GFDM

(9)



l=0

(7)

(8)

L−1 M
K−1

√
αdk, m
ĥIRSI [n, l]fm [n]gm
l=0

DLC,i
Rk,
=
 m

w2 [n]
w2∗ [n]

DLC
Rk,
 m =

−j2πn
K

−j2πn
K


−j2πk n
K

SI,im
s,im
eq
eq,im
SI
s
where Rk,
 m , Rk, m , Rk, m , Rk, m , wk, m and wk, m are
corresponding terms for SI signal, desired signal and the equivalent noise after GFDM demodulator that are derived from (1)
and (6)–(8). These derivations are omitted due to the space
limitation. The superscripts DLC and C-DLC represent digital
linear cancellation and complementary digital linear cancellaDLC,i
DLC
are classical
tion, respectively. Moreover, Rk,
 m and Rk, m
digital linear cancellation and widely-linear digital SI cancellation terms, respectively, which are written as

[n−l]e

j2πn
K

(yIQ [n])fm [n]e

s,im
eq
eq,im
s
+ Rk,
 m + R 
k, m + wk, m + wk, m

j2πn
K

+ gT∗ x,d gRx,I h∗RSI,l e−j(φT X [n−l]−φRX [n]) e
hI2 [n, l] = gRx,d h2,l e−jφRX [n] e

−j2πn
K

M
K−1
n=0

j2πn
K

+ gT∗ x,I gRx,I h∗RSI,l e−j(φT X [n−l]−φRX [n]) e
j(φT X [n−l]−φRX [n])
hQ
e
RSI [n, l] = gT x,I gRx,d hRSI,l e

dsk ,m =

n=0


−j2πk (2n−l)
K

(10)

where ĥIRSI [n, l] and ĥQ
RSI [n, l] indicate equivalent channel
estimation of the linear SI signal and the conjugate SI signal, respectively. Note that output of the classical digital linear cancelDLC,i
= ds,C−DLC
+ Rk,
lation is derived by, ds,DLC
 m . Clearly,
k ,m
k ,m
the estimated symbol in (9) contains inter carrier interference
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and inter symbol interference terms from SI signal and uplink
transmitted signal, which are caused by the RF impairments and
non-orthogonality of GFDM.
B. Downlink Transmission
The signal received by U1 in downlink may be written as
r(t) = xIQ (t) ∗ h1 (t) + s(t) ∗ h3 (t) + w1 (t)

(11)

where h1 (t) is downlink multipath channel, h3 (t) is the channel
between downlink and uplink users, and w1 (t) is the additive
Gaussian noise with zero mean and variance N0 . We assume
that the normalized CFO by subcarrier spacing between the
oscillators of base-station and U1 transmitters is equal to . With
the L-tap channels and removal of the cyclic prefix, the discrete
samples of the received signal become
rCF O [n] =

L−1


Eφ ejφ[n1 ] e−jφ[n2 ] = e−2|n1 −n2 |πβTs .

∗
hI1 [n, l]x[n − l] + hQ
1 [n, l]x [n − l]

l=0

+ h3,l s[n − l] + w1 [n]

(12)

where the equivalent channel responses are given by
hI1 [n, l] = gT x,d h1,l ejφT X [n−l] e

j2πn
K

jφT X [n−l]
hQ
e
1 [n, l] = gT x,I h1,l e

j2πn
K

(13)

Thus, signal (12) goes through GFDM demodulator and the


estimated symbol at k -th subcarrier and m -th time-slot is
dk ,m =

M
K−1

(rCF O [n])wm [n]e


−j2πk n
K

d
Uk,
 m

+

d,im
Uk,
 m

+

s
Uk,
 m

+

eq
Nk,
 m

L−1 M
K−1 M
K−1

l=0 n1 =0

(14)

where wm [n] = w[n − mK]M K is circularly shifted version
d
of receiver filter impulse response w[n]. Moreover, Uk,
 m and
d,im
s
Uk, m are corresponding terms for downlink signal and Uk,
 m
is corresponding term to interference signal from U2 on U1 .
eq
Finally, Nk,
 m indicates the equivalent noise. All of these terms
could be derived by utilizing (12), (13) and (14).

× |gT X,d gRX,d |2 e
×

K−1
−1
M


In this section, the power of the residual SI signal, the power of
desired signal, and the power of the equivalent noise are derived.

n2 =0

j2π(n1 −n2 )
K

+ |gT X,I gRX,I |2 e

−j2π(n1 −n2 )
K


j2π(n1 −n2 )(k−k )
K

.

k=0 m=0

(16)
The power of the linear residual SI after complemenSI−DLC
tary digital linear cancellation can be defined as σk,
=
 m
SI
DLC 2
E[|Rk, m − Rk, m | ] which is given by
SI−DLC
σk,
 m

=α

M
K−1 M
K−1
n1 =0

× |gT X,d gRX,d |2 e
×

l=0

∗
−4|n1 −n2 |πβTs
fm [n1 ]fm
 [n2 ]e

n2 =0
j2π(n1 −n2 )
K


L−1 K−1
−1
M


×e
A. Uplink Transmission

∗
−4|n1 −n2 |πβTs
fm [n1 ]fm
 [n2 ]e

2
∗
σRSI,l
gm [n1 − l]gm
[n2 − l]e

III. SIGNAL POWER ANALYSIS
Here, we derive the powers of desired signal, interference
signal and noise in both downlink and uplink. We assume two
separate up/down conversion oscillators of the base-station. This
will result in two separate phase noise processes. Indeed, if
there is a physical separation in the transmitter and receiver of
base-station, then this model is appropriate. Moreover, single
common local oscillator for both up/down conversions has also
been considered for compact full-duplex transceivers [24]. However, we do not consider that option in this paper.

(15)

Moreover, complex data symbols are uncorrelated
(Ed [dk1 ,m1 d∗k2 ,m2 ] = δ[k1 − k2 ]δ[m1 − m2 ]). We also assume
that the multipath fading channels, transmitted data and
phase noise are independent random processes. These
assumptions are standard throughout the literature. By
utilizing them, we readily find that the variance of the
linear residual SI after analog linear cancellation is given by
SI−ALC
SI
2
SI
2
= E[|Rk,
σk,
 m | ] = Eh [Eφ [Ed [|Rk, m | ]]], which after
 m
straightforward manipulation, is derived as
SI−ALC
=α
σk,
 m

n=0

=

1) RSI Signal Power: To derive this, we use standard models
for the RSI channel and phase noise. We assume that hRSI [n] =
L−1
l=0 hRSI,l δ[n − l] is a wide-sense stationary uncorrelated
scattering (WSSUS) process. WSSUS processes are commonly
used for modeling multipath fading channels, e.g., to describe
the short-term variations. The WSSUS model allows the channel
correlation function to be time-invariant and the paths with
different delays to be uncorrelated. These properties have been
observed empirically. For this reason, we assume WSSUS processes for all wireless channels in our system. Accordingly,
the taps hRSI,l are mutually independent, Eh [hRSI,l ] = 0 and
2
, l = 0, 1, . . ., L − 1 [24]. Furthermore,
Eh [|hRSI,l |2 ] = σRSI,l
Brownian motion free-running oscillators [30] generate phase
noise [φ[n + 1] − φ[n]] ∼ N (0, 4πβTs ), where φ[n] is Brownian motion with 3-dB bandwidth of β and Ts is the sample
interval. The autocorelation function of φ[n] may be expressed as

k=0 m=0
k=k & m=m


j2π(n1 −n2 )(k−k )
K

+ |gT X,I gRX,I |2 e

−j2π(n1 −n2 )
K

2
∗
σRSI,l
gm [n1 − l]gm
[n2 − l]




+

2
gm [n1
σee

−

∗
l]gm
 [n2


− l]

(17)
2
is the channel estimation error variance, which is
where σee
2
= t × κ where t and κ indicate analog linear
modeled as σee
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cancellation and digital linear cancellation suppression, respectively [24]. Note that (16) and (17) depend on multipath profile,
3-dB phase noise bandwidth, normalized CFO, IQ imbalance
coefficients, number of subcarriers and time-slots and GFDM
receiver and transmitter filters. Thus, all these parameters affect
the efficiency of analog and digital SI cancellations. Similarly,
the conjugate-residual-SI signal power after analog linear cancellation and after complementary digital linear cancellation
could be formulated as



L−1 M
K−1 M
K−1

l=0 n1 =0

×

∗
−4|n1 −n2 |πβTs
fm [n1 ]fm
 [n2 ]e

n2 =0

× |gT X,I gRX,d |2 e
K−1
−1
M


2
, l = 0, 1, . . ., L − 1. ThereE[h2,l ] = 0 and E[|h2,l |2 ] = σ2,l
fore, the variance of the desired symbol could be expressed as
s−up 2
s
= αs |gRX,d |2
σk,
 m = E |d 
k, m |

K−1 M
L−1 M
K−1

l=0 n1 =0

2
σ2,l

n2 =0

∗
∗
e−2|n1 −n2 |πβTs fm [n1 ]fm
 [n2 ]gm [n1 −l]gm [n2 − l]e

j2π(n1 −n2 )
K

.
(22)

ss
The interference signals could be considered as Rk,
 m and
The variance of the first-term could be calculated as

s,im
Rk,
 m .

SI−im−ALC
σk,
 m

=α
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j2π(n1 −n2 )
K

+ |gT X,d gRX,I |2 e

2
∗
σRSI,l
gm
[n1 − l]gm [n2 − l]e

−j2π(n1 −n2 )
K




 s
s−up 2
Rss
s
2
2
+ E |ds−up
σk,
= E |Rk,
 m = E |Rk, m − d 
 m |
k, m |
k, m |


 s

2
2
= E |Rk,
+ E |ds−up
− 2real E R∗ sk, m ds−up
 m |
k, m
k, m |
s

2
R
s
= σk,
− 2E |ds−up
 m − σk, m
k, m |


−j2π(n1 −n2 )(k+k )
K

(23)

s

R
s
2
where σk,
 m = E[|Rk, m | ] is equal to

k=0 m=0

(18)

s

R
2
σk,
 m = αs |gRX,d |

and

K−1M
−1
L−1 M
K−1K−1

M


2 −2|n1 −n2 |πβTs
σ2,l
e

l=0 n1 =0 n2 =0 k=0 m=0
SI−im−DLC
=α
σk,
 m

M
K−1 M
K−1
n1 =0

∗
−4|n1 −n2 |πβTs
fm [n1 ]fm
 [n2 ]e

n2 =0



j2π(n1 −n2 )
−j2π(n1 −n2 )
K
K
× |gT X,I gRX,d |2 e
+ |gT X,d gRX,I |2 e

L−1 K−1
−1
M


×

l=0

2
∗
σRSI,l
gm
[n1 − l]gm [n2 − l]

k=0 m=0
k=k &m=m


×e

+

−j2π(n1 −n2 )(k+k )
K

2 ∗
gm [n1
σee

s,im

.
(24)

K−1M
−1
L−1M
K−1K−1

M


2 −2|n1 −n2 |πβTs
σ2,l
e

l=0 n1 =0 n2 =0 k=0 m=0
∗
∗
× fm [n1 ]fm
 [n2 ]gm [n1 − l]gm [n2 − l]e
−j4π(n1 −n2 )k
K




−j2π(n1 −n2 )(+k+k )
K

.
(25)



(19)
SI,im 2
SI−im−ALC
SI−im−DLC
=
E[|R
|
]
and
σ
=
where σk,
 m
k, m
k, m
SI,im
DLC,i 2
E[|Rk, m − Rk, m | ]. Again, the results depend on multiple
system parameters, and hence provide the means and flexibility
of system performance evaluations for different configurations.
Following (17) and (19), total power of residual SI signal after
complementary digital linear cancellation may be expressed as
SI
SI−DLC
SI−im−DLC
+ σk,
.
σk,
 m = σk, m
 m

(20)

2) Desired Uplink Signal Power: By substituting k = k  and
s
m = m , the desired symbol could be extracted from Rk,
 m as
L−1 M
K−1


−j2πk l
√
s
ds−up
=
α
d
hI2 [n, l]fm [n]gm [n − l]e K .


s k, m
k, m
l=0


j2π(n1 −n2 )(+k−k )
K

Moreover, the variance of the second term could be
expressed as
R
2
σk,
 m = αs |gRX,I |



− l]gm [n2 − l]e

∗
∗
× fm [n1 ]fm
 [n2 ]gm [n1 − l]gm [n2 − l]e

n=0

(21)
Thus, from (21), interference signal could be expressed as
s−up
ss
s
Rk,
 m = Rk, m − dk, m . We assume a WSSUS uplink channel
L−1
h2 [n] = l=0 h2,l δ[n − l]. Thus h2,l are mutually independent,

Obviously, derived results are function of system parameters
including amount of phase noise, CFO, IQ imbalance, channel
propagation and GFDM parameters. The total power of the
interference signal is given by
s

s,im

s,i
R
R
s
σk,
 m = σk, m + σk, m − σk, m .

(26)

3) Equivalent Noise Power: Since additive Gaussian noise is
eq
CN (0, N0 ), the variance of direct equivalent noise wk,
 m in (9)
is given by
eq

eq
w
2
σk,
= |gRX,d |2 N0
 m = E |w 
k, m |

M
K−1

|fm [n]|2 .

n=0

(27)
eq,im
Similarly, the power of image equivalent noise wk,
 m in (9)
is written as
eq,im

w
σk,
 m

eq,im 2
= |gRX,I |2 N0
= E |wk,
 m |

M
K−1

|fm [n]|2 .

n=0

(28)
According to (27) and (28), noise power depends on IQ
coefficient, noise variance and the receiver filter. Moreover,
they are independent of subcarrier index. Finally, the total noise
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L − 1. Following (12), (13) and (14), the variance of the interference signal from U2 onto U1 can be expressed as

power can be written as
w
σk,
 m

=

weq
σk,
 m

+

weq,im
σk,
.
 m

(29)

s

U
σk,
 m  = αs

B. Downlink Transmission

l=0 n1 =0

Here, the power of the downlink signal and interference signal
between the two users and noise are derived in closed-form.
According to the WSSUS model for downlink channel h1 [n] =
L−1
l=0 h1 [l]δ[n − l], h1,l are mutually independent, E[h1,l ] = 0
2
, l = 0, 1, . . ., L − 1.
and E[|h1,l |2 ] = σ1,l
1) Desired Downlink Signal Power: According to (14), ded
sired downlink symbol can be extracted from Um,
 k  by substi

tuting k = k and m = m as
=
ds−down
k, m

√

αd

L−1 M
K−1

k, m
l=0

hI1 [n, l]wm [n]gm [n − l]e


−j2πk l
K

.
eq

as
L−1
K−1 M
K−1
 M
l=0 n1 =0

2
σ1,l

n2 =0

∗
∗
e−2|n1 −n2 |πβTs wm [n1 ]wm
 [n2 ]gm [n1 −l]gm [n2 −l]e

j2π(n1 −n2 )
K

.
(31)

Now by subtracting the desired downlink symbol in (30),
s−down
d
interference signals may be considered as Uk,
and
 m − dk, m
d,im
Uk,
 m . Similar to (23) and according to (12), (13) and (14), the
d

U
d
variance of the first term could be calculated as σk,
 m − σk, m
d
U
d
2
where σk,
 m = E[|Uk, m | ] is given by
d

L−1M
K−1 M
−1
K−1 K−1

M

l=0 n1 =0


j2π(n1 −n2 )(+k−k )
K

.
(32)

d,im

K−1M
−1
L−1M
K−1K−1

M

2 −2|n1 −n2 |πβTs
σ1,l
e
l=0 n1 =0 n2 =0 k=0 m=0

∗
∗
× wm [n1 ]wm
 [n2 ]gm [n1 − l]gm [n2 − l]e


j2π(n1 −n2 )(−k−k )
K

.
(33)
Thus, the total power of the interference signal is given by
d

d,im

d−i
U
U
d
σk,
 m = σk, m + σk, m − σk, m .

(34)

The results clearly show that power of different components
of desired downlink signal are dependent of phase 3-dB phase
noise bandwidth, CFO parameter, IQ imbalance coefficients,
multipath profile of channels and GFDM parameters.
2) Co-Channel Interference Signal Power: We again assume
the WSSUS model for co-channel interference channel between
the uplink 
user and the downlink user, which is expressed
as h3 [n] = L−1
l=0 h3,l δ[n − l]. Thus, the taps h3,l are mutu2
, l = 0, 1, . . .,
ally independent, E[h3,l ] = 0 and E[|h3,l |2 ] = σ3,l

.

M
K−1

|wm [n]|2 .

(36)

n=0

Similar to the case of uplink transmission, the power of equivalent noise depends on the variance of noise and summation of
the receiver filter coefficients and is independent of the index of
the subcarrier.
IV. SIR FORMULATION AND FILTER OPTIMIZATION
Here, SIRs for both downlink and uplink are derived, and
SIR-maximizing optimal receiver filters for base-station and U1
are proposed.
A. Uplink Transmission
From (20), (22) and (26), SIR of the estimated symbol in k  -th
subcarrier and m -th subsymbol is written as

2 −2|n1 −n2 |πβTs
σ1,l
e

Furthermore, the variance of the second term is given by
U
2
σk,
 m = α|gT X,I |

eq
N
2
= N0
σk,
 m = E |N 
k, m |

Γup
k, m =

n2 =0 k=0 m=0

∗
∗
× wm [n1 ]wm
 [n2 ]gm [n1 − l]gm [n2 − l]e


j2π(n1 −n2 )(+k−k )
K

(35)
This co-channel interference (35) is a function of multipath
profile of channel between the two users, the normalized CFO
and the transmit and receive filters of GFDM.
3) Equivalent Noise Power: Since additive noise is distributed as N (0, N0 ), the variance of equivalent noise in (14)
may be expressed as

n=0

d
s−down 2
σk,
| = α|gT X,d |2
 m = E |dk, m

2
∗
σ3,l
wm [n1 ]wm
 [n2 ]

n2 =0 k=0 m=0

∗
[n2 − l]e
× gm [n1 − l]gm

(30)
The variance of the desired downlink symbol is thus written

U
2
σk,
 m = α|gT X,d |

K−1 M
−1
L−1 M
K−1 K−1

M


s
σk,
 m
s,i
SI
σk,
 m + σk, m

.

(37)

Since GFDM uses non-orthogonal waveforms, it performs
worse than OFDM in the presence of RF impairments. This suggests that it should achieve lower SIR than OFDM. Fortunately,
the performance of GFDM can be improved by exploiting the
degrees of freedom inherent in receiver prototype filter {f [n]}.
However, the SIR depends on both transmit and receive filter
prototypes (g[n] and f [n]). To retain the benefits of GFDM such
as lower out-of-band emissions, we fix g[n] to be a conventional
filter of raised cosine type.
Following that, we can optimize receiver filter {f [n]}
to maximize the SIR given RF impairments. Let us denote fk, m = Sk Mm M f0,0 ∈ CM K×1 contains samples of

−j2πk n

in (8) where f0,0 ∈ CM K×1 is
fk, m [n] = fm [n]e K
the column vector including receiver filter f [n] samples, Mm M ∈ CM K×M K circularly shifts f0,0 and Sk =
−j2πk

−j2πk (M K−1)

K
diag([1, e K , . . ., e
]) ∈ CM K×M K is the subcarrier mapping matrix. It is worth mentioning that (8)
could be expressed as dˆsk, m = yIQ fk, m where yIQ ∈
C1×M K contains yIQ [n]. Moreover, according to derivations, we rewrite the derived variances in matrix form as
s
H
s
SI
H
SI
fk, m and
σk,
 m = αs fk, m Vk, m fk, m , σk, m = αfk, m V
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s,i
H
R
H
s
σk,
 m = αs (fk, m V fk, m − fk, m Vk, m fk, m ) where

Vk,s  m [n2 , n1 ]

=

L−1


2 −2|n1 −n2 |πβTs
|gRX,d |2 σ2,l
e
gm [n1 − l]

where x ∈ CM K×1 and ||x|| indicates norm of x. To solve
this, we first consider the Cholesky factorization as T2 − T1 =
LLH . This can be substituted in (42) to yield
x H T1 x
x H T1 x
yH L−1 T1 LH−1 y
= H
=
H
x (LL )x
yH y
2 − T1 )x

l=0
∗
gm
 [n2 − l]e

j2π(n1 −n2 )(+k )
K

.

(38)
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xH (T

V SI [n2 , n1 ]
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⎪
⎪
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⎨⎢
M

−4|n1 −n2 |πβTs
2
⎢
σRSI,l
gm [n1 − l]
=e
⎣
⎪
⎪
⎩ l=0 k=0 m=0
k=k &m=m



∗
× gm
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+ |gT X,I gRX,I |2 e
×e

j2π(n1 −n2 )(−k)
K

j2π(n1 −n2 )(+k)
K

−j2π(n1 −n2 )(−k)
K

+|gT X,I gRX,d |2

+ |gT X,d gRX,I | e
2

−j2π(n1 −n2 )(+k)
K

⎤
⎥
⎥
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2
∗
2
gm [n1 − l]gm
+ σee
 [n2 −l] |gT X,d gRX,d |
×e


j2π(n1 −n2 )(+k )
K

+|gT X,I gRX,I |2 e

+ |gT X,I gRX,d |2 e
+ |gT X,d gRX,I |2 e

V R [n2 , n1 ] =


−j2π(n1 −n2 )(−k )
K

L−1
−1
 K−1
M


⎫
⎪

⎬
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(39)

⎪
⎪
⎭

Thus, this optimal receiver filter maximizes the SIR of the
GFDM full-duplex under the RF impairments after analog linear
cancellation and complementary digital linear cancellation.
B. Downlink Transmission


j2π(n1 −n2 )(−k )
K


−j2π(n1 −n2 )(+k )
K

where y = LH x. The above ratio is known as Rayleigh
quotient [37]. It can be readily shown that the Rayleigh
quotient reaches its maximum value when y is the corresponding eigenvector of the maximum eigenvalue of L−1 T1 LH−1 .
But, this eigenvalue remains the same if LH−1 L−1 T1 = (T2 −
T1 )−1 T1 . Therefore, the optimal receiver filter is given by [38]



opt
(43)
∝ max eigenvector (T2 − T1 )−1 T1 .
f0,0

2
∗
σ2,l
gm [n1 − l]gm
[n2 − l]

Due to the full duplex operation of the base-station, uplink
and downlink transmissions occupy same frequency and time
slots. Thus, interference from U2 in uplink on U1 in downlink
decreases the performance of the downlink. In the uplink section,
we have proposed the SIR-maximizing receiver filter. However,
with two stage SI cancellations, residual SI as a main source
of interference on the desired uplink signal is eliminated. But
since there is no interference cancellation in downlink, receiver
filter design alleviates the effects of interference signal from
other user. By utilizing (32), (33) and (35), SIR for the k  -th
subcarrier and m -th subsymbol can be expressed as

l=0 k=0 m=0



× e−2|n1 −n2 |πβTs |gRX,d |2 e
× e

j2π(n1 −n2 )(+k)
K

−j2π(n1 −n2 )(+k)
K

+ |gRX,I |2


.

(40)

Now, in order to find f0,0 that maximizes SIR, we rewrite SIR
in matrix form as

M −1 H
s
αs K−1
k =0
m =0 fk, m Vk, m fk, m
up
Γ = K−1 M −1
H
H
s
k =0
m =0 fk, m Vfk, m − αs fk, m Vk, m fk, m
=

H
T1 f0,0
f0,0
H
f0,0 (T2 − T1 )f0,0

(41)


M −1 H
M 
where V = αVSI + αs VR , T1 = αs K−1
 =0

k
K−1 M −1 Hm =0 H m M
H s


Sk Vk, m Sk Mm M and T2 = k =0 m =0 Mm M Sk VSk
Mm M . Therefore, the filter design problem for maximizing the
SIR could be formulated as
opt
f0,0
= arg max
x

s.t. ||x||2 = 1

Γdown
k, m =

x H T1 x
xH (T2 − T1 )x

d
σk,
 m
d−i
U
σk,
 m + σk, m
s

.

(44)

Similar to the uplink case, we rewrite the variance terms
in (44) as a function of the receiver filter. Let us denote
wk, m = Sk Mm M w0,0 ∈ CM K×1 where w0,0 ∈ CM K×1 is
the column vector including receiver filter w[n] samples. The
d
variances could be expressed in matrix form as σk,
 m =
s
d−i
H
d
U
H
s
αwk, m η k, m wk, m , σk, m = αs wk, m η wk, m and σk, m =
H
d,i
H
d
fk, m − wk,
α(wk,
 m η
 m η k, m wk, m ) where
L−1


d
ηk,
 m [n2 , n1 ] =

2 −2|n1 −n2 |πβTs
|gT X,d |2 σ1,l
e
gm [n1 − l]

l=0
∗
× gm
 [n2 − l]e

j2π(n1 −n2 )(+k )
K

,

(45)

η [n2 , n1 ]
s

=

L−1
−1
 K−1
M


2
∗
σ3,l
gm [n1 − l]gm
[n2 − l]e

j2π(n1 −n2 )(+k)
K

,

l=0 k=0 m=0

(42)

(46)
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and
d−i
ηm
 [n2 , n1 ] =

L−1 K−1
−1

M


2
∗
σ1,l
gm [n1 − l]gm
[n2 − l]

l=0 k=0 m=0


j2π(n1 −n2 )(+k)
K
× e−2|n1 −n2 |πβTs |gT X,d |2 e

j2π(n1 −n2 )(−k)
K
+ |gT X,I |2 e
.
(47)
By utilizing (45), (47) and (46), we can write the SIR of the
downlink transmission as
Γdown
=
=

K−1 M −1

H
d
α k =0 m =0 wk,
 m η k, m wk, m
K−1 M −1 H
H
d
T
k =0
m =0 wk, m η wk, m − αwk, m η k, m wk, m

(48)

H (T − T )w
w0,0
4
3
0,0


M −1 H
M 
where η T = αs η s + αη d−i , T3 = α K−1
 =0

k
K−1 M −1 H m =0H Tm M
H d
Sk η k, m Sk Mm M and T4 = k =0 m =0 Mm M Sk η Sk
Mm M . Following (42) and (48), optimal uplink receiver filter
is given by



opt
(49)
∝ max eigenvector (T4 − T3 )−1 T3 .
w0,0

=

αs Aup
k, m
up
up
up
αs Bk,
 m + αCk, m + Dk, m
d
σk,
 m
U
N
+ σk,
 m + σk, m
s



log2 1 + Υup
k, m

k =0 m =0

Rdown (α, αs ) =

K−1
−1
M




log2 1 + Υdown
k, m .

(51)

k =0 m =0

Note that both uplink and downlink rates are dependent of
system parameters, and different configurations could be considered for evaluating their performance.
Following (51), the optimized rate region is formulated as
α,αs

Rate region refers to the ordered pair of the downlink data rate
and uplink data rate. These two are mutually dependent because
the transmit powers affect both SI and co-channel interference.
The rate region can be obtained by maximizing the uplink rate
under the constraint of constant downlink rate.
Here, we express both downlink and uplink rates and formulate their rates as optimization problems. By using residual
SI power after complementary digital linear cancellation (20),
desired signal (22) and equivalent thermal noise (29) for uplink
in Section III-A, and Similarly, according to derived expressions
(31)–(36) for downlink in Section III-B, signal-to-interferenceplus-noise ratio (SINR) of uplink and downlink can be formulated as
s
σk,
 m
=
Υup


k, m
s,i
SI
w
σk, m + σk, m + σk,
 m

d−i
σk,
 m

K−1
−1
M


max Rup (α, αs )

V. ACHIEVABLE RATE REGION

Υdown
k, m =

to (50), the uplink and downlink achievable rates may be
expressed as

Rup (α, αs ) =

H
T3 w0,0
w0,0

=

Algorithm 1: Maximum Uplink Rate for a Downlink
Target Rate.
1: Set maximum allowable power Pmax .
2: Compute Rth = Rdown (Pmax , Pmax ) using (51).
3: If Rc ≤ Rth , set αopt = Pmax and find αsopt = Pmax
via bisection method until Rdown (α, αs ) = Rc and
stop.
4: If Rc > Rth , set αsopt = Pmax and find αopt = Pmax
via bisection method until Rdown (α, αs ) = Rc and
stop.

s.t. Rdown (α, αs ) = Rc
α ≤ Pmax , αs ≤ Pmax

(52a)
(52b)
(52c)

where Rc is a constant and Pmax indicates maximum allowable
power that can be consumed in uplink and downlink transmissions. The problem (52) is not convex in general because the
objective function Rup (α, αs ) is the logarithm of a rational
function. However, it can be solved optimally by utilizing the
following property.
Proposition 1: Given the target rate constraint Rdown (α,
αs ) = Rc , Rup (α, αs ) is monotonically increasing over αs .
Thus, the optimization problem (52) is equivalent to maximizing αs under the same constraints. Define Rth =
Rdown (Pmax , Pmax ) as the threshold rate. The solution of
equivalent problem is equal to αsopt = Pmax when Rc ≤ Rth
and otherwise is αopt = Pmax .
Proof: See Appendix A.

We exploit Proposition 1 to develop Algorithm 1, which
deploys the bisection method to optimally solve (52).

eq

αAdown
k, m
down + α C down + D down
αBk,
 m
s k, m
k, m

VI. SIMULATION RESULTS
(50)

up
H
s
H
R


where
Aup
Bk,
 m = fk, m (V −
k, m = fk, m Vk, m fk, m ,
s
Vk, m )
up
H
SI
w
fk, m , Ck,
fk, m , Dup = σk,
Adown
 m ,
 m = fk, m V
k, m =
H
d
down
H
d−i
d
wk, m η k, m wk, m , Bk, m = wk, m (η
− η k, m )wk, m ,
down
H
s
N eq
Ck,
and Ddown = σk,
According
 m = wk, m η wk, m
 m .

Here, the derived uplink and downlink expressions are verified with simulation results. Moreover, GFDM full-duplex and
OFDM are both evaluated and compared in the presence of
phase noise, CFO and IQ imbalance. We emphasize that our
derivations make no restrictive assumptions on 3-dB phase noise
bandwidth, normalized CFO, IRR, GFDM parameters and the
channel delay profile. In other words, the derived results are valid
for arbitrary scenarios. However, we now assume the following
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specific parameter values. For both GFDM and OFDM, the
cyclic prefix is equal to the length of the channel, and the number
of subcarriers is 32. Additionally, GFDM uses M = 5 time
slots and a root raised-cosine filter with the roll-off factor 0.1.
Sampling frequency is equal to 15.36 MHz [24]. Each wireless
channel has five (L = 5) independent Rayleigh fading taps. The
power delay profile of SI channel in [24] is utilized which is
−30 dB, −65 dB, −70 dB and −75 dB for delays of 0, 1, 2 and
4 samples. Note that 30 dB antenna separation results in −30 dB
attenuation of the main tap. Without loss of generality, we
assume that SI channel hSI [n] is 10 dB stronger than interference
channel between two users h3 [n]. The multipath downlink channel between base-station transmitter and U1 has power profile
of [−30, −55, −60, −65, −70] dBs. Moreover, we assume that
downlink channel h1 [n] is 20 dB stronger than uplink h2 [n]
channel. The same IQ imbalance level, IRRT x = IRRRx , is
considered for both transmitter and receiver. We assume 30 dB
and 50 dB analog and digital SI cancellations, respectively.
Therefore, effective channel estimation error variance is equal
to 80 dB. Furthermore, the noise variance is −60 dB, and the
maximum allowable power is −10 dB. The theoretical results
are shown with dash lines.
A. Conventional Receive Filters
Conventional matched filter and zero forcing are two widely
used GFDM receiver structures. They have some implementation advantages, but their performance falls short of that of the
optimal receive filters. Therefore, it is important to compare
them against the derived optimal filters (43) and (49).
√ One
frame of GFDM signal in (1) can be written as x = αdA,
where d ∈ C1×M K is the data vector and A ∈ CM K×M K is a
k
modulation matrix given by [A]kM +m,n = gm [n]ej2πn K . Accordingly, the receiver matrix for matched filter and zero forcing
receivers are written as AH and A−1 , respectively. Furthermore,
MF
∈ CM K×1
matched filter and zero forcing receiver filters, f0,0
ZF
M K×1
and f0,0 ∈ C
, are equal to first column of the receiver
matrix AH and A−1 , respectively.
B. Full-Duplex OFDM Results
GFDM is a general form of OFDM. Thus, in the signal model
(1), by setting number of time-slots is equal to one, M = 1, and
prototype filter g[n] is equal to rectangular pulse shape, we get

OFDM. Therefore, all the derived expressions can also be used
for full-duplex OFDM.
C. SI Signal Power
We next verify our residual SI power analysis (20) by simulation results. Moreover, the comparative OFDM results are also
shown. GFDM with zero-forcing receiver (legend GFDM-ZF)
with α = 0 dB is assumed.
In Fig. 2, average residual SI is plotted versus the 3-dB
phase noise bandwidth, normalized CFO and IQ imbalance
for GFDM-ZF. Solid and dashed lines represent GFDM and
OFDM, respectively. There are five markers per each line. These
represent the simulated points. For clarity, more simulation
points are not shown. We consider GFDM with analog linear
cancellation (legend GFDM-ALC) in (16) and (18). Moreover,
we consider GFDM with both digital linear cancellation and
complementary digital linear cancellation (legends GFDM-DLC
and GFDM-C-DLC) in (17) and (19).
First of all, the simulation results fully match the derived residual SI power. This match points to an independent verification
of the validity of our derivations.
This figure also alludes to how the three cancellation techniques will be affected the RF impairments. We observe that
C-DLC is slightly more effective than DLC. The former employs conjugate residual SI cancellation, which improves the
performance significantly. We also note that ALC achieves the
worst performance among the three techniques.
In Fig. 2a, for fixed values of CFO  = 0.1 and 2.5 dB IQ
imbalance, residual SI is plotted as a function of phase noise
β. This figure depicts the effects of phase noise on the performance of the three SI cancellation techniques. For instance, the
performance of ALC is not sensitive to a phase noise increase.
However, the situation is different for both DLC and C-DLC. For
the range 1 ≤ β ≤ 104 , both remain roughly constant regardless
of β, but their performance degrades beyond that. However, this
limit is less than that of ALC.
In Fig. 2b, we set phase noise at 10 Hz and IQ imbalance
at 2.5 dB and change CFO . This figure depicts the effects
of CFO on the performance of the SI cancellation techniques.
With increasing , the residual SI power after either DLC or
C-DLC increases and approaches that after ALC. According to
(16)–(19), 3-dB phase noise bandwidth, β, and normalized CFO,
, appear in the exponential terms, and the trends in Fig. 2a
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Uplink SIR versus 3-dB phase noise bandwidth, normalized CFO and IRR.

and Fig. 2b for higher values of β and  can be due to these
exponential terms.
Fig. 2c shows that residual SI increases with increasing IQ
imbalance. In this figure, β = 10 Hz and  = 0.1 are fixed and
IRR is changed. This figure depicts the effects of IQ imbalance
on the performance of the SI cancellation techniques. Clearly,
all of them rapidly degrade with the increasing IQ imbalance.
Finally, OFDM achieves lower residual SI than GFDM does.
The reason may be that non-orthogonal subcarriers of GFDM
leads to more interference.
D. Uplink and Downlink SIR
We next verify the uplink and downlink SIR expressions (37)
and (44) via simulations. Moreover, we compare GFDM with the
optimal SIR-maximizing receiver filter (legend GFDM-optimal)
with GFDM with matched filter receiver (legend GFDM-MF)
and GFDM-ZF. We derive the optimal filter for the parameter
values β = 50 Hz,  = 0.2, and IRR = −37.5 dB, and use this
derived filter for all other parameter values. The average transmit
powers in uplink and downlink are assumed equal, i.e., α = αs .
Fig. 3 plots the uplink SIR as a function of 3-dB phase noise
bandwidth, normalized CFO and IRR. GFDM-MF, GFDM-ZF,
GFDM with optimal receiver filters and OFDM are compared.
Solid and dashed lines represent GFDM and OFDM, respectively. There are four or five marker points per each line. These
represent the simulated points. For clarity, more simulation
points are not shown.
In all of the three sub figures, theoretical uplink SIR (37) and
numerical simulation result match perfectly, a verification of our
derivations.
Fig. 3a illustrates SIR versus phase noise (β) for a 20% CFO
and −37.5 dB IQ imbalance. Obviously, the GFDM-optimal
curve degrades the most with increasing phase noise β. We
also see that GFDM-optimal always achieve higher SIR than
the others, e.g., for a 10 Hz phase noise, 25 dB higher SIR
than full-duplex OFDM. A surprising observation is that OFDM
achieves higher SIR GFDM-MF and GFDM-ZF. The reason is
that GFDM uses non-orthogonal subcarriers, which generate
some mutual interference, which will penalize the SIR measure.
Clearly, ZF and MF strategies are not sufficient to mitigate this

effect. This however can be reversed by the use of optimal
receiver filters.
In Fig. 3b, the SIR is plotted as a function of CFO for a 50 Hz
phase noise and -37.5 dB IQ imbalance. GFDM-ZF, GFDM-MF
and OFDM reduce SIR for large CFOs. However, these methods
are outperformed by the optimal-filter based GFDM, e.g., for
CFO  = 0.2, it achieves 20 dB more SIR than OFDM. Although
the optimal filter and GFDM achieves lower SIR than OFDM
for small CFO, e.g.  = 0.1, since this fitter was optimized for
 = 0.2. However, the receiver filter can be optimized for lower
CFO to improve the SIR.
Fig. 3c represents the SIR versus IQ imbalance (measured by
IRR) for fixed phase noise (β = 50 Hz) and CFO ( = 0.2). In all
cases, increasing IQ imbalance degrades the SIR. Furthermore,
GFDM-optimal outperforms OFDM, e.g., 17 dB gain is possible
at −30 dB IQ imbalance.
Fig. 4 plots the downlink SIR as a function of 3-dB phase noise
bandwidth, normalized CFO and IRR. GFDM-MF, GFDM-ZF,
GFDM with optimal receiver filters and OFDM are compared.
Solid and dashed lines represent GFDM and OFDM, respectively. There are four or five marker points per each line. These
represent the simulated points. For clarity, more simulation
points are not shown.
This figure shows a perfect match between theoretical (44)
and simulations results. In all cases, OFDM achieves higher SIR
than GFDM-MF and GFDM-ZF. Fig. 4a shows SIR versus phase
noise β for CFO ( = 0.2) and IQ imbalance (IRR = −37.5 dB).
Increasing phase noise (β) decreases SIR in all cases. However,
the solution is to use optimal filter based GFDM, which outperforms the others and significantly increase the SIR, e.g., for
β = 10 Hz, it achieves an SIR 4 dB higher than OFDM.
Fig. 4b illustrates the SIR as a function of normalized CFO for
phase noise (β = 50 Hz) and IQ imbalance (IRR = −37.5 dB).
For GFDM-MF and GFDM-ZF and OFDM, increasing CFO
() directly amounts to the decrease of SIR. However, similar
to Fig. 4a, GFDM-optimal alleviates this problem and achieves
higher SIR than others, e.g. for  = 0.2, it achieves 4 dB more
than OFDM. Similar to Fig. 3, by adjusting optimized point over
the range of small CFO, the SIR can be improved.
In Fig. 4c, the SIR is plotted versus IQ imbalance measured
by IRR for phase noise (β = 50 Hz) and CFO ( = 0.2). In all
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Downlink SIR versus 3-dB phase noise bandwidth, normalized CFO and IRR.

Fig. 5.

Rate regions parameterized by 3-dB phase noise bandwidth, normalized CFO and IRR.

cases, more IQ imbalance (higher values of the IRR) degrades
the SIR. However, this problem can be mitigated by the use of
the optimal filters, which achieves higher SIR than OFDM. For
example, for a −30 dB IQ imbalance, GFDM-optimal achieves
4 dB more in SIR than OFDM.
The main lesson of Figs. 3 and 4 is that RF impairments
degrade the performance of GFDM-MF and GFDM-ZF much
more than that of OFDM. This makes sense since GFDM relies
on non-orthogonal waveforms. Fortunately, this problem can be
rectified with use of the proposed GFDM optimal receiver filters
in both uplink and downlink. Indeed, in uplink, the optimal filter
reduces the influence of residual SI power and self-interference
caused by RF impairments. Moreover, in downlink, since no
SI cancellation is employed, receiver filter design can be used
to suppress the uplink-user interference and achieve higher
SIR.
E. Achievable Rate Region
Fig. 5 shows the rate regions parameterized by phase noise
bandwidth, normalized CFO and IQ imbalance. The solid lines
and dashed lines represent GFDM and OFDM. This figure
includes analytical results only, no simulations. “G” and “O”
stands for GFDM and OFDM. Since we found earlier that
OFDM outperforms GFDM with ZF and MF filters, only GFDM
with optimal uplink and downlink filters (43) and (49) is compared with OFDM.
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In Fig. 5a, the rate region is evaluated for CFO ( = 0.2)
and IQ imbalance (−37.5 dB) and for phase noise values β =
100 , 104 Hz. Obviously, higher phase noise results in lower maximum uplink rate. Moreover, GFDM-Optimal achieves higher
uplink rate than OFDM, e.g., for downlink rate of 1.5 bps/Hz and
1 Hz phase noise, the uplink rate increases 500% over OFDM.
In Fig. 5b, the rate region is evaluated for fixed phase noise
(50 Hz) and IQ imbalance (−37.5 dB) and two values of CFO
 = 0.2, 0.3. Clearly, increasing CFO  decreases the uplink rate,
but this trend can be countered by our optimal filter. For example,
with Rc = 1.5 bps/Hz and  = 0.2, the optimal filter based
GFDM achieves an uplink rate 300% more than OFDM. Finally,
Fig. 5c considers phase noise (β = 50 Hz) and CFO ( = 0.2)
and IRR = −30,−10 dB. Similar to the two other cases, the
maximum uplink rate decreases with more IQ imbalance, and
the optimal filters provide higher rates, e.g., Rc = 1.5 bps/Hz
and IRR = −30 dB, achievable uplink rate for the optimal filter
is five times greater than OFDM. All of these results indicate
the benefits of the optimal receiver filter.
VII. CONCLUSION
This paper investigated a GFDM full-duplex transceiver in the
presence of three common RF impairments – phase noise, CFO
and IQ imbalance. The purpose of the investigation is to provide
a comprehensive and comparative evaluation of GFDM, a potential alternative to OFDM in future communication standards.
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To this end, we considered a simple network of a full-duplex
base-station and half-duplex uplink and downlink users. This
network helps to delineate the interplay among the various
forms of interference signals and to determine their overall
impact. In the uplink, we investigated both analog and digital
SI cancellations and derived residual SI and desired signal powers in closed-form. For the downlink, we derived both desired
signal and co-channel interference powers. For both uplink and
downlink, the SIR, receiver filters for maximizing the SIR, the
rates, and the closed-form optimized rate region were derived. A
computational algorithm for the rate region was developed. We
presented simulation results to verify the analytical derivations.
Our results cast light on the impact of the RF impairments
on the performance of the SI cancellation methods. Analog
linear cancellation is less sensitive to these impairments, but
digital linear cancellation and complimentary digital linear cancellation can be highly sensitive. GFDM then performs worse
than OFDM. The reason is that GFDM uses non-orthogonal
sub-carriers, and their interaction with RF impairments ends up
generating more interference. However, the good news is that
GFDM has built-in degrees-of-freedom due to the transmit and
receive side filters. They can be optimized to mitigate the effects
of RF impairments. For example, GFDM with optimal filters
readily outperforms GFDM-MF or OFDM-ZF in terms of SIR
and rates. Furthermore, while OFDM outperforms GFDM in
terms of rate and SIR in some scenarios, the optimal filter based
GFDM sometimes provides 500% more rate than OFDM.
While this paper investigated the three most common RF
impairments, this area is a fertile rich ground for many important
research problems. We mention a few here. First, amplifier
non-linearity strongly affects the SI cancellation methods and
increases residual SI power, which could thus be investigated.
Second, favorable spectral properties of GFDM can be exploited
for cognitive radio networks where interference has to be managed and controlled. Thus, GFDM full-duplex radios and RF
impairments could be investigated for cognitive radio networks.
Third, this work was limited to a single cell system. However,
practical cellular networks consist of multiple cells and are
subject to both inter-cell and intra-cell interference signals. It
is imperative to investigate how the multi-cell interference will
affect the performance of GFDM full-duplex base-stations.
APPENDIX A
PROOF OF PROPOSITION 1
Let us define implicit function F (α, αs ) = Rdown (α, αs ) −
Rc = 0 which maps α onto αs implicitly. The derivation of
Rup (α, αs ) with respect to αs can be written as
∂Rup (α, αs )
dRup (α, αs )
=
dαs
∂αs
+

dα
dF (α, αs )
∂Rup (α, αs )
. (53)
∂α
dF (α, αs )
dαs

From algebratic fractions in (51), it can be readily proved that
Rup (α, αs ) is monotonically increasing over αs and monotonically decreasing over α, while Rdown (α, αs ) is monotonically
increasing over α and monotonically decreasing over αs . By

∂Rup (α,αs )
and
∂αs
dF (α,αs )
are negadαs

exploiting these properties, we can show that
dF (α,αs )
dα

are positive, while
dR

(α,αs )
dαs

up

∂R

(α,α)
∂α

up

and

tive. Thus,
is positive and Rup (α, αs ) is monotonically increasing over αs , which transforms the objective function
of optimization problem (52) Rup (α, αs ) to αs .
According to behavior of Rdown (α, αs ) over α and αs ,
if Rdown (α, αs ) = Rc ≤ Rth = Rdown (Pmax , Pmax ), it is required to α ≤ Pmax or αs ≥ Pmax . Thus, in this case, the
solution is αsopt = Pmax and αopt < Pmax . Otherwise, when
Rdown (α, αs ) = Rc ≥ Rth , αsopt is derived by considering
αopt = Pmax . The proof of Proposition 1 is completed.
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